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THE REPRESENTING FORMULA OF N(G,K)

LIMIN YANG* AND TIANMING WANG

ABSTRACT. In this paper, by combinatorial methods, the authors derive the
representing formula between the number N(G, k) of S(™ = {K; : 1 < i <
n}-factors with exactly k components and coefficients of the chromatic poly-
nomial of G, and the representing formula between the number A(G) of all
S()_factors and coefficients of the chromatic polynomial of G, present class-
es of graphs N(G, k) and A(G), and give combinatorial identities related to
N(G, k).Finally, we solve the counting formula of Kjz—factors in any com-
plete d-partite graphs,the counting theorem of K; — factors in any graph G
without any Kji; subgraph, the counting formula of the number of covers
on shortest circles, as well as the explicit formula p(K2) of the mean color
numbers of K.

1. Introduction

In this paper, we propose the concept of S = {K; : 1 < i < n}-factor.
Recently, there are a number of necessary and sufficient conditions of 1-factor
or (g, f)-factor. When S™ = {K; : 2 < i < 2}( the number of Ky is m ),1-
factor (or perfect matching) is a special case of S = {K; : 1 < i < nl}-factor.
S()_factors are different from (g, f)-factors, contents of two definitions are indis-
tinguished. When S = {K; : k < i < k}( the number of K}, is m,and km=n
) ,Kj-factor is a special case of S = {K; : 1 < i < n}-factor.In [10], E J.
Farrell and J M.Guo discussed the characterizing of matching polynomials (or 1-
factors). In [13], M.N.Ellingham, YunsunNam Heinz-Jiirgen Voss presented con-
nected (g, f)-factors. In [14], Potra Johann derived the structure of graphs with
a unique k-factor. In [15], Atsushi Kaneko gained a necessary and sufficient con-
dition for the existence of a path factor. The lectures of 1-factors or (g, f)-factors
have been belonged to the field of existences, here for us, we consider principally
enumeration of §(™ = {K; : 1 < i < n}-factors, our methods are from combi-
natorial idea such as recurrence relations or inverse problems. We research the
significance of S (n) = {K; : 1 <i < n}-factors as follows: 1. enumeration of graph
theory; 2. combinatorial values(main combinatorial identities); 3. computer and
code (regular-m-furcating tree, special regular 2-furcating tree); 4. other aspects.
(the mean colour numbers u(G),we complete these papers,see LiMin Yang and
TianMing Wang [16]and[17].)
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Definition 1.1. Let S = {K; : 1 < i < n}, n > 1, and K; is a complete
graph with 4 vertices, if M is a subgraph of a graph G, and any component of M
is isomorphic to some element of Sn) = {K;:1<1i<mn}, then M is called one
S(")_subgraph, if M is a spanning subgraph of the graph G, then M is called one
S(n) — {K;:1<1i<mn}-factor .

Definition 1.2. If M is a spanning subgraph of the graph G,each component of
M is all isomorphic to Ky, then M is called one Kj—factor.

Complexity: It is easy to see that I(G, ) is NP-hard to compute.( see [1])

LetN (G, k)denote the number of S = {K; : 1 < i < n}-factors with exactly
k components, A(G) is the number of all S = {K; : 1 < i < n}-factors, namely,
A(G) = Y p_; N(G,k). In [1], by partition-map-relation, the authors obtained
the counting formula of N(K,, k). In [2], in the the use of combinatorial convolu-
tions, the authors derived the counting formula of A(K,). In [3], the author has
found myself the recurrence relation by covering methods, and gained the formula
of A(0® C,,). In [4], we proved the recurrence formula of S(™-factors of regular
m-furcating tree by analyzing the relation among m, ¢ and ¢. They have been
very difficult problems and heat contents that we count N(G, k) and A(G). In
this paper, by combinatorial methods, the authors solve the representing formula
between N (G, k) and coefficients of the chromatic polynomial of G, and the repre-
senting formula between A(G) and coefficients of the chromatic polynomial of G,
present the counting formulas of classes of graphs N(G, k) and A(G), and some
combinatorial identities on N(G, k) are given.Finally, we solve the very difficult
and heat problem on the the counting formula of Kj;—factors in any complete
d-partite G = K, ... n,the counting formula of the number of covers on shortest
circles, as well as the explicit formula p(K9)of the mean numbers of K¢.

2. Basic Lemmas
Here we will denote that a(G, k) is the number of partitions of V' (G) into exactly
k non-empty independent sets of any graph G.

Lemma 2.1 ([1]). Let K,, be a complete graph with n vertices. Then the number
of S _factors with exactly k components in K, :

n! 1
N(Ky, k) = Z le H bil(il)bi
i>2

n n

> ibi=n, Z b=k

i=1 =1

Lemma 2.2 ([1]). Suppose K,, is a complete graph with n vertices, then the num-
ber of S -factors in K, :

A(Kn) =

Q| =

o0 kn
>
k=1
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THE REPRESENTING FORMULA OF N(G,K)

Lemma 2.3 ([5]). If s(n, k) is the Stirling number of the first kind, S(n, k) is the
Stirling number of the second kind, then [s(n, k)] = [S(n, k)], where

s(1,1) s(1,2) s(1,n)
s(2,1) 5(2,2) - s(2,m)
[s(n, k)] = 7
s(n—1,1) s(n—1,2) --- s(n—1,n)
s(n, 1) s(n,2) e s(n,n) em
S(1,1) S(1,2) S(1,n)
S(2,1) S5(2,2) S(2,n)
[S(n, k)] =
S(n-1,1) Snrn-1,2) --- S(n-—1,n)
S(n,1) S(n,2) S(n,n) s

Lemma 2.4 ([5]). If S(n,k) is the Stirling number of the second kind, then
N(Kn, k)= S(n,k) .

Lemma 2.5 ([7]). Suppose G is a complementary graph of G, then the chromatic

polynomial of G is as the following

n n

F(G) =YD NG k)s(k,m)]t,

r=1 k=1

where N(G, k) denotes the number of S -factors with exactly k components in

G.
Lemma 2.6. Suppose G is not an empty graph, then

SOS NG, k)s(kr) = 0.

r=1 k=1

M=

Proof. The result follows from f(G,1) = N(G,k)s(k,r) and f(G,1) =
r=1k=1

0. (]

n

3. The representing formula of N(G, k)
In this section,our main result is the representing formula of N (G, k) as follows.
Theorem 3.1. If G is a graph with n vertices, and the chromatic polynomial of

of the complementary graph G of G is f(G,t) = 3 YptP, then the number of
p=1

S _factors with exactly k components is the following
N(G,k) =Y N(Kp k)Y, ,
p=Ek

where

_ p! 1
S ib=p, b=k

1=1
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Proof. By combinatorial and algebraic methods, we will prove the theorem.
lemma 2.5, we have the chromatic polynomial of G

and

so that we have the equal systems
n

> N(G,k)s(k,1) =11,
k=1

ZN(G k)s(k,2) = Ya,

k=1
s(1,1)N(G,1) + s(2,1)N(G,2) +--- + s(n,1)N(G,n) = Y1, (
s(1,2)N(G,1) + s(2,2)N(G,2) + - - - + s(n,2)N(G,n) = Yz,

(1 n—l)N(G 1)+s(2,n—'1)N(é',2)+-«-+s(n,n—l)N(G,n) =Y.1,
1)+s(2,n)N(G,2)+---+s(n,n)N(G,n) =Y,, (

By

3.2)

By Lemma 2.3, we have [s(n,k)] = [S(n,k)]~! (Inverse relations derived by

combinatorial idea,see[5]).

[s(n, D)I[S(n, k)] = B, [S(n,k)[s(n, k)] = E

(
(3.2), we have the equality
N(G,1) s(1,1)  s(2,1) sn,1) \ '/ W
(G 2) s(1,2) 5(2,2) s(n,2) Yo
NG| |stn-1)s@a-1)smn-n| (v,
N(G,n) s(1,m) s(2,n) -+ s(n,n) Y.
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By (3.3), there is the equal n-tuples

N(G,1) S(1,1) S(2,1) S(n,1) Y1
N(G72) S( 72) 5(272) S(n72) Yo
N(G,n—-1) S(l,n—1)S2,n—1)--- S(n,n—1)| | Yn_1
N(G,n) S(1,n) S(2,n) -+ S(n,n) Y,
By Lemma 2.4,there is the formula S(n, k) = N(K,, k). Then
N(Gal) N<K1a1) N(KQvl) N(anlal) N(Knal) Y1
N(G,2) N(K4,2) N(K3,2) -+ N(K,-1,2) N(K,,2) Yo
N(G,n—-1) N(Ky1,n—1) N(K3,n—1) -+ N(Kp_1,n—1) N(K,,n—1)]| Y1
N(G,n) N(Ki,n) N(Ko,n) --- N(Kp—1,n) N(K,,n) Y,
When k > n, N(K,,k) =0, then there is the equality
N(G,1) N(K;,1) N(Ky,1) -+ N(K,_1,1) N(K,,1) Y1
N(G,2) 0 N(K3,2) -+ N(K,-1,2) N(K,,2) Yo
N(G,n-1) 0 0 - N(Kp—1,n—1) N(Kp,n—1)|| Yn_1
N(G,n) 0 0 - 0 N(Kn.n) )\ Y,
(3.4)

so the representing formula of N(G, k) is derived from (3.4)
N(G,k) = N(Ki, k)Y + N(Kg41, k) Yip1 + -+ N(Kp—1,k) Y1+ N(Kp, k)Y,

for 1 <k < n.Namely, N(G,k) = 3)_; N(Kp, k)Y, , where V(1 < p < n) are
coefficients of the chromatic polynomial f(G,t) and

_ p! 1
NE =y
P P 1>2
E ibi:p7 E bzzk -
i=1 i=1
(obtained by Lemma 2.1) here 1 <p <mn, 1 <k <n. O

4. The representing formula of A(G)

In the segment, we characterize the representing formula of A(G).

Theorem 4.1. If G is the graph with n vertices,and the chromatic polynomial
n

of the complementary graph G of G is f(G,t) = 3 Y,t? then the number of all
p=1
S _factors in G is the following

P
|

X

>y

p=1 k=1

A(G) =

Q| =

Y, .

?T‘
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Proof. By Theorem 3.1,there are equalities:
N(G,1)=N(K;,)Y1+N (K3, 1)Yo + -+ +N(K,_1,1)Y,—1 + N(K,,1)Y,,

(G 2)= N(K3,2)Ya+ -+ +N(K,—-1,2)Yn1 +N(Kn,2)Y
(Gn 1)= N(Kp—1,n—1)Y,_ 1—|—N(Kmn 1)Y,,
N(G,n)= N(K,,n)Y,,

izgE

AG) =S NG, k)

?r‘

N(Kh 1)Y; + [N(K2,1) + N(K3,2)]Ys + - - -

+ [N(Kp—1,1) + N(Kp-1,2) + -+ N(Kp—1,n — 1)]Y;, 1
+ [N(Kp,1)+ N(K,,2)+ -+ N(K,,n—1) + N(K,,n)|Yy,
=AK)Y1 + A(K)Yo + - 4+ A(Kp 1) Y1 + A(KR)Y,

NE

A(KP)YP )
1

P

P
where A(K,) = >, N(K,,k), for 1 <p<n.
k=1

By Lemma 2.2,
1 o= kP
A(Kp):gZ—', 1<p<n
k=1
Then
A@) =323 Ty, = ZZ e
p=1 " k=1 p 1 k=1
where Y,( 1 < p < n) are coefficients of the chromatic polynomial f (C_¥7 t). O

5. Nnumeration of classes of graphs

In the section, we present classes of graphs N(G,k) and A(G) . Specially,
enumeration of complementary trees is solved.

Theorem 5.1. Suppose G is a (n—2)-regular graph with n (even 2m) vertices,
then the number of S™ -factors with exactly k components is the following

n

N(G,k) =) _ N(K,, k)Y,

p=k

where for 1 <p<m—1, Y, =0, form <p<2m, Y, :(—1)2’””(2 mn ),
m—p

N(K, k) = > ,Hb' ,1<p, k<n.
Zp: ib;=p, Zi:l bi=k

i=1
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Proof. Because G is a (n—2)-regular graph, G is 1-regular graph, including the
number m of Ko, then G = Ko | J Ko -+ |J Ka. -
The chromatic polynomial of the complementary graph G is as follows

F(Gt) = f(Ea, t) f(Ka,t) - f(K2,t) = f"(Ka,t) = t™(t = 1)

=0
2m m
=Y (" )
I;n 2m —p
— m
Y, =0, 1<p<m—1 Y, = (-1 p(am—p)’mgpgm'

By Theorem 3.1,we have the equality

N(G,k) =) N(Kp k)Y, ,
p=k

where for 1 <p<m—1, Y, =0, form <p<2m, Y, (1)27"1’(2 mn >,
m—p

B p! 1
N(Ky, k) = E ﬁllw,lﬁp,k§n~
P P 1 i>2 ¢
S ibimp, Sbi=k T

i=1

O

Theorem 5.2. Suppose G is a (n—2)-regular graph with n (even 2m) vertices,
then

A(G) = é % fl—l)”""’ (zmm_ p) % '

p=m k=1
Proof. By Theorem 4.1 A(G) = Z:zl A(K,)Y, , and by Theorem 5.1, when

1<p<m-—-1,Y =0, whenm <p<n=2m,Y,= (71)2”1*1’(2"71”_1)), finally,
there is the equality

4@ = S cpmr(, ™ Va),

p=m

1 o= kP
and by Lemma 2.2 A(K,) = — Z o for m < p < n. So we have the formula
e !

k=1

AG) =+ Xm? I (gmm p> B

p=m k=1
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Theorem 5.3. Suppose G is a (n—3)-regular graph with n vertices, n > 6 and
G =C,, then

where

! 1
N(K, k) = 3 pf. . 2<p, k<n.

Proof. If G is a (n—3)-regular graph, then G is a 2-regular graph with n vertices,and
GG,

fGt) = )=t =1)"+(=1)"(t-1)

f(Cn
z:: ) ’f( >t”+(—1)"(t—1)

. — (™) ... ("™ Y. =1
7Yp ( 1) <p>7 7Yn71 <7’l—1)’ n .

By Theorem 3.1, then N(G,k) = >_)_, N(K,,k)Y, . For k =1, G is a (n—3)-
regular graph, G # K,,, then N(G,1) = 0; For 2 < k < n,

NG = S (M) ).

where

! 1
N(K, k) = 3 pf. ., 2<p. k<n.
iibi:pvibi:k

i=1 i=1

Note Suppose G is a (n—3)-regular graph, G = C;, JCi, U---UC,,, i1 +ig+- -+
im = n, analogous to Theorem 5.3, we would have the corresponding result. [

Theorem 5.4. Suppose G is a (n-3)-reqular graph with n vertices, n > 6 and
G = C,, then

4@ = (" IS e ()
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Proof. Because G is a (n—3)-regular graph,G = C,, and by Theorem 5.3,then

f(éa t) = f(Cmt)

and by Lemma 2.2

finally
A = (1) + iéé(—n”p )%

Note Let G be a (n—3)-regular graph, G = C;, JCi, U+ --UCi,,, G1+ia+: - +im =
n, we would also have the corresponding result. O

Theorem 5.5. If T is a tree with n vertices, and T is a complementary comple-
mentary graph of T, then

N(TR) = 31y (” ) 1)N<Kp,k> ,

p=Fk p—1
where
P! 1
N(K,,k 2 < k<
- F) Zp LR =Py E=n
> ibi=p, 3 bi=k
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Proof. Let G be a tree with n vertices. Then

tt—1)""t = tyf(fl)n,l,k <n ; 1)tk

k=0
_ S(_m—l—k(”;l)tm
- s (T (e s

f(T,1)

2

-1 -1
+(_1)n—p(n l)tl) ++(_1) (ZQ)tn—l o

—1
When 1 < p < n, Y, = (—1)”_p<n

p—1>. By Theorem 3.1 N(T,k) =

n

> N(K,,k)Y,. Then

p=k
N(T,k) = i(—l)w "N\ Nk, k)
9 p— 1 P B
p=k
where
B p! 1
N(Kp, k) = Z EHW’QSP’kSn'
D D i>2
Z ibi:p, Z bL:kJ -
i1=1 1=1

O

Theorem 5.6. If T is a tree with n vertices, and T is a complementary graph of
T, then

- 1 - — n— 1\ kP
A(T) = - —1nr — .
M)=22.2.(-1 (pl)k!
Proof. By Theorem 5.5,

F(T,0) = (~1)" M (1) (” N 1)t2 Fg (1 (; B i)t

then
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THE REPRESENTING FORMULA OF N(G,K)

and

1 o= kP

A S
k!

k=1

@

so we derive the formula
= — 1\ kP
S0 )
p—1/ k!
Here we solve the explicit formula of any complementary tree 7' on enumeration
of S(")_factors. O

Theorem 5.7. If G is a windgraph K&, K is a meet vertex of K,, with the number
d, Cor Ky is a intersection vertex of the number d K,), then

d(n—1)+1
N(KLE) = > N(K,k)Y,,
p=k
where
d(n—1)
Yi=0,Y,= > [ Y  Smh)--Shi)stkp-1)
k=1

Lot la=k
for2<p<dn-1)+1.

Proof. Let G be K¢. Then G = K;|JH, H is a complete complete d-partite
graph, thus assume that H = K,,_1,n—1,... n—1 With the number d of n — 1, say.

N(H k)= Y NEnp1,)N(Ky1,1) - N(Kp1,1a)
N
= > Sh-1,0L)Sn-11l)-Sn-11).
li+-+la=k

The chromatic polynomial of G is as follows
By Lemma 2.5, then we obtain the chromatic polynomial f(G,1),

G =t S [ N(Hk)s(k,r)]t"
k=

d
Z HS(n— 1,1)]s(k, r)t"

r=1 k=1 Ilj+-+lg=ki=1
d(n—1) d(n—1)

SIS il | CUSSRERGETE

r=1 k=1 UL+ +lg=ki=1
Coefficients of f(G,t) are the following
d(n—1)

Vi=0Y,= > [ Y HS s(k,p—1), 2<p<d(n—1)+1.

k=1 lLi+-+lg=ki=1

I
~
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By Theorem 3.1, we have the result

d(n—1)+1
N(ELE) = > N(K,k)Y,
p=k
where
d(n—1)

i=0Y,=> [ > HS s(kip—1), 2<p<dn—1)+1,

k=1 Ili+-+lg=ki=1
d(n — 1) + 1 is the number of vertices of K¢ . O
Theorem 5.8. Suppose G is a windgraph K2, special d = 2, then

2n—1 2n—2

N(EZ k)= Y N(Kp.k) > > Sn—1,0)Sn—1,l)s(k,p—1),
p=k k=1 l1+lo=k

and 2 < k <2n —1.
Proof. Omitted. O

Theorem 5.9. If G is a windgraph K&, K| is a meet vertex of K,, with the number
d, then

d(n—1)+1 ~ d(n—1)

Ak =1 ZgZ S IS0 Listkp—1).

p=2 k=1 k=1 Ii+--+lg=ki=1
where d(n — 1) + 1 is the number of vertices of KZ.

Proof. Because G is a windgraph K¢ and the number of vertices is d(n — 1)+ 1,by
Theorem 5.7,then the chromatic polynomial of G is

d(n—1) d(n—1)
=> (> 1 > HS Js(k,r) 3"+t

r=1 k=1 l+-+lg=ki=1

We have coefficients of f(G, t) are
d(n—1)

i=0,%=> [ > HS s(k,p—1), 2<p<dn—1)+1,

k=1 li4-Flg=Fki=1
By Theorem 4.1,

and by Lemma 2.2

namely,

pZZ
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THE REPRESENTING FORMULA OF N(G,K)

then we have the result
d(n—1)+1 oo d(n—1)

A(K) = > ;Z'Z 3 HS s(kp—1),

k=1 Il1+-+lg=ki=1

where d(n — 1) + 1 is the number of vertices of K¢. So far, we have gained the

explicit formulas of classes of graphs on enumeration of S(™-factors. (]

6. Combinatorial identities for N(G, k)

Theorem 6.1. If N(K, k) is the number of S _factors with exactly k compo-
nents in K, , andn € N, 1 <p,k <n, then

S35 () v

r=1k=1p=k
k—1+4h 2k—r
j— h —
0<h<k—r

Proof. Let f(G,t) be the chromatic polynomial of G. Then

> D NG ) x (6.1)

r=1 k=1
kE—1+h 2k—r
_1 " N K -r )h tr 7 5
Z( ) (kr+h> (krh) (Kk—rqn, R)]t"  (see [7])
0<h<k—r
where Kj_,4 is a complete graph with £ —r + h vertices. When ¢ =1, then
S NUN(G k—1+4hY [ 2k—r
- N(G,k —1)" N(Ky_pin.h) .
ZZ (G, k) Z( ) <k—r+h>(k—r—h) (Kk—r+n,h)
r=1k=1 0<h<k—r

On the other hand, if G is not an empty graph,let ¢t = 1,then f(G,1)=0. So G
is not an empty graph

R _ k—1+h\ [ 2k—r

- h =
§ EjN(G,k) § (-1) (k_H_h)(k_r_h)N(Kk_Hh,h) 0.
r=1 k=1 0<h<k—r

Suppose G is a tree T with n vertices, and by Theorem 5.5, then we have

~ = nepfn—1
NGk = Y (1T NG,
p=k
Finally, there exists a combinatorial identity for N (K, ,k):

ZZZ ( ) (K,, k) x (6.2)

r=1k=1p=k

2 (o (Z::IZ> <k2—k:h)N(K’“—r+h’ h)=0.

0<h<k—r
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where

p! 1
N(Ky, k) = > bT!HW’lS L k<n.
P i>2

ibi=p, Y, bi=k
1 i=1

e

i

(]

Theorem 6.2. If S(n, k) is the Stirling number of the second kind, s(k,r) is the
Stirling number of the first kind, then there exists a combinatorial identity

dn dn d

Y3 S S u)skr)=0.

r=1k=11l4+lg=k i=1
Proof. Let G be a complete d-partite graph, G = K, ... , with with the number
d of n, dn is the number of vertices of G,

lit-+la=k
By Lemma 2.4,
NG k)= > Snh)S(nlz)---S(n,la) .
L4t la=k

By Lemma 2.6,then there exists combinatorial identity as follows:

dn dn d

S % [ISmu)stkr) =0

r=1 k=114 +lg=k i=1

Corollary 6.3. There exists a combinatorial identity

2n 2n

N3 S Sm1)S(n,l)stk,r) =0,

r=1k=1 11 +lo=k
where S(n, k) is the Stirling number of the second kind, s(k,r) is the Stirling
number of the first kind.

Proof. Let G be a complete 2-partite graph G = K, ,.Then
NG k)= Y SnnL)S(n,l) .
li+lo=k

By Theorem 6.2, the proof is proved. [l

7. The Counting formula of K ;—factors in any complete d-partite
graph

In the section, we give the explicit formula of enumeration of Kj—factors in
any complete d-partite graph. It is a very difficult and value problem that so far
these problems of factors have been researched, involving 1-factors ,(g,f)-factors
and S(™-factors.
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Theorem 7.1. Suppose G is a complete d-partite graph G = Ky ... n with dn
vertices,then the explicit formula of the number of all K4—factors in G is as fol-
lows:

dn
:ZN(Kp,n) Z Hsnl

>
1<J<dlﬂ =p’

Proof. It G = Ky p,... n is a complete d-partite graph ,then
G=K,UK,U---UKyany p,gp=q=n,K,NK; = ¢.
The chromatic polynomial of G is

n

:ﬁ(t—k+1)Ht—k+1 ﬁt—k+1
k=1 k k=1

=1

n

= Z (n,ly) th En:s (n,l3) th ... Zs(n,ld)tld

l2=0 la=0

dn
- Z[ Z s(nall)s(nvb)”'s(na ld)]tra

=0 l1+la+-+lg=r
then

d
Y, = Z Hs(n,lj),lgpgdn,
j=1

>
1<55ali=P

where n+n+---+n = dn. By Theorem 3.1,then the number of S(™ —factors with
exactly k components in any complete d-partite graph K, ,, ...

n
dn

d
N(G,k) =Y N(Kpk) > Hs(nl

=k lgjz-gdlj:pj
K—factor is a special case of S(") —factor.Because G is a complete d-partite
graph,then G is the graph without K, subgraphs.

Each component of S(%) —factors with exactly n components in G is all iso-
morphic to Kg4. So that N(G,n) is equal to the number of all Ky—factors in G.
Finally,we gain the explicit formula of all K;—factors in any complete d-partite
graph as follows:

dn
:ZN(Kp,n) Z Hsnl

>
1<]<le =p’
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Corollary 7.2. If G is a complete 3-partite graph K,y ,n,then the number of all
Ks—factors in any complete 3-partite graph is as follows:

3n 3
ZN(van) Z HS(’I’L,ZJ')-
i 1gjgglj:pj:1

Proof. Let d = 3. Then by Theorem 7.1 we gain the number of all Ks—factors in
any complete 3-partite graph is as follows:

ZN(van) Z Hs(nalj)'

>
155<ali=P

O

Corollary 7.3. If G is a complete 3—partite graph K,y ,n, then there exists the
combinatorial identity

ik!N(G,k) (3]:) - (n!)3(2§:n>3,

k=1
where
3n
N(G,k) =Y N(Kp,,k) [ s(n.1).
p=k j=1

Proof. If G = (X1, Xo, X3)is a complete 3—partite graph, | X;| = | X2| = | X3| = n,

namely K,,,, ,, ,then
3n 3
3n 3n
IN = (n!)? :
>k (G,k)(k> (n) <2nn>

k=1

(see LiMin Yang and TianMing Wang[12]).By the proving course of Theorem 7.1,
we obtain the formula

dn d
N(G, k) =Y N(Kpk) > []sn1).
p=Fk !

Let d = 3.Then we derive the combinatorial identity

3n 3n 3n \°
E { ! — (nh)3
k.N(G,k')(k) (n!) <2n,n> ,
k=1
where

3n
N(G,k) =Y N(Kp.k) I sn.1).
p=k
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Corollary 7.4. If G is a complete 2—partite graph K,,,,then there exists the

combinatorial identity
2n 2
2n 2n
E kIN(G,k = (n!)?
k=1 ( , )(k) <n) (nvn) ,

where )
N(G,k) =Y _N(Kp.k) > s(n,l)s(n,ly)
p=Fk li+l2=p

Proof. It G = (X1, X3)is a complete 2—partite graph ,|X;| = |X3| = n,namely

K, ,then
o 2n of 2n 2
IN = (n! .
Sk (G,m(k) <n>(nm)

k=1
(see LiMin Yang and TianMing Wang[12]).By the proving course of Theorem 7.1,

dn d
N(G, k) =Y N(Kpk) > []sn1).
p=k j=1

> =
155<ali=P

Let d = 2. Then we give the combinatorial identity

ik!N(G, k) (25) = (n!)? (37;)2

where )
N(G,k) = ZN(Kp,k‘) Z s(n,l1)s(n, o)
p=k li+l2=p

O

Here we will give the counting theorem of K; — factors in G without any K41
subgraph(or K;;1—free graphs).

Theorem 7.5. If G is a graph without any K41 subgraph(or K;y1—free graphs)
and has n vertices, and the chromatic polynomial of the complementary graph G
_ n
of G is f(G,t) = > Y,tP, then the number of all K;—factors with exactly m
p=1
components is the following

n

N(G,m) = Z N(Kp,m)Yy

p=m
where n = ml.

Proof. Because G is the graph without any Kj;,; subgraph, Each component of
S™—factors with exactly m components in G is all isomorphic to K;, and n = ml,
so that N(G,m) is equal to the number of all K;—factors in G. By Theorem 3.1,
then

N(G,m) = zn: N(Kp,m)Yy ,
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where n = ml. O

8. The counting formula of the number of covers on shortest circles

C,, is a longest circle in any graph G, C5 is a shortest circle in any graph G,
and Kg = 03.

Definition 8.1. If M is a spanning subgraph of the graph G,each component of
M is all isomorphic to Cs, then M is called one cover of shortest circles.

Let Q(G) denote the number of all covers of shortest circles.

Theorem 8.2. If G is a complete 3-partite graph K, ,, ,n, then the number all
covers on shortest circles in any complete 3-partite graph is as follows:

3n 3
UG) =D N(Kpn) Y. Hs(n,zj).

> g d=
1553k =P

Proof. Let d = 3.Then by Theorem 7.1 we gain the number of all K3—factors in
any complete 3-partite graph is as follows:

3n 3
Z N(K,,n) Z H s(n, ;).

1s§s3lj =P
Because of K3 = Cs,then Q(G) is equal to the number of all K3—factors in any
complete 3-partite graph G. So that by using of enumeration of S(™-factors , we
solve the counting formula of the number of covers on shortest circles as follows:
3

3n
QG) = Z N(K,,n) Z H s(n, ;).

=1
1<5%5li=P

Here we will give the counting theorem of the number of all covers of shortest
circles in any graph G without K, subgraphs(or K,—free graph ). ([l

Theorem 8.3. If G is a graph without Ky subgraphs(or K4—free graph ) and has
n vertices, and the chromatic polynomial of the complementary graph G of G is
_ n
f(G,t) = " Y,tP ,then the number of all covers of shortest circles is as follows:
p=1
3m
QG) = 3 N(Kym)Y, |
p=m

where n = 3m.

Proof. Because G is the graph without K, subgraphs, each component of

S(") _factors with exactly m components in G is all isomorphic to K3,and n =
3m,so that N(G,m) is equal to the number of all K3—factors in G. By Theorem
3.1,then

N(G,m) = i N(Kp,m)Yy ,

p=m
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where n = 3m. On the other hand K3 = (3, the number of all covers of shortest
circles is equal to the number of all K3—factors in G without any K4 subgraph.
Then

Q(G) = N(G,m).
Finally,we derive the counting formula of the number of covers on shortest circles
in G without any K, subgraph

3m
= > N(K
p=m
where n = 3m. O

9. The mean color number of any windgraph K¢

Definition 9.1. For any n-coloring T of G, let L(T') denote the actual number
of colors used, the average of L(T")** over all n-coloring I is called the mean color
number.

Let 1(G) denote the mean colour number of any graph.

Theorem 9.2. If u(G) is the mean colour number of any windgraph K2, and

d(n—1)+1 d(n—1))
Hit)= Y (dn-1)+1)r > N(EKpk-1) > Hsn—ll
k=1 p=k—1

1<§:<le_1’
then the explicit formula
() = 0
" H(1)

Proof. If (@) is the mean colour number of any windgraph K¢, then G = K, | JH
and K; N H = ¢ , His a complete d-partite graph, letH = K,,_15—1,.. n—1, the
number of n — 1 is d ,we have the formula
> N(Ki,l)N(H,m) = N(H,k—1).
l+m=k
By the proving course of Theorem 7.1, we gain
d(n—1)

d
N(Hk—1)= > N(Kpk-1) H (n—1,1)

p=k—1 l—
1<j<dd ™

If 1(G) is the mean colour number of any graph with n vertices G,and

n

H(t) = Y ()N (G, B)eF

k=1
then
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(see Yang and Wang[17],2004).Here we have solved the counting formula of N (G, k)
by the representing formula of N(G, k). Finally, we derive the explicit formula

p(Kf) = 1;1{’((11))’
where
d(n—1)+1 d(n—1) d
Hit)= Y (dn-1)+1)p > NE,k-1) Y [[stn—11)t.
k=1 p=k—1 > j=1

1<5%ali=P

For any windgraph graph,by means of methods of Bartels and Welsh(1995)
(see[18]), and F.M.Dong(2003)(see[19]),we can’t gain the explicit formula. By

the representing formula of N(G,k), we gain a new way to obtain the explicit

formulas on the mean color numbers. (]

10. Conclusions and future work

In this paper, our main problems are the representing formula of N(G, k) and
the counting formula of Ky—factors in any complete d-partite graph K, , ... ,,,we
have solved the representing formula of N(G, k) and the counting formula of com-
plete d-partite graph.We present classes of graphs counting formulas for N(G, k)
and A(G), specially, gain the explicit formula of N(T, k) of the complementary
T of any tree T, and derive some new combinatorial identities.Finally, we solve
the counting formula of the number of covers on shortest circles.The representing
formula of N(G,k) has be cited in Yang and Wang [16] and [17],2004,India.We
have cited the representing formula of N(G, k) ,Reviewer Cédric Lamthe ,2005.In
future work,the representing formula of N(G, k) will be cited again by us in our
papers, we will solve independent set polynomials I(G, z).

Independent set polynomials I(G, ) are defined as
I(G,z) = z:bk(G)a:]C = Z Hx,

k=1 ICv(G) vel

where let by (G) be exactly k-independent sets of G .
Complexity: It is easy to see that I(G,x) is NP-hard to compute.( see [21]).
The representing formula of N(G, k) will be gained deep applications in future
research.

Acknowledgment. The authors are indebted to Professor Hsu L C,especially
value suggestions from Professor Feng Tian and the anonymous referees for men-
tioning.
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