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SEMI NEIGHBOURLY IRREGULAR GRAPHS

SANTHI MAHESWARI,N.R. AND SEKAR,C.

ABSTRACT. A connected graph G is said to be semi neighbourly irregular
(SNI) if no two adjacent vertices of G have the same number of vertices at
a distance two away from them. That is, d2(u) # da2(v), for every edge uv
in E(G), (where d2(v) is defined as the number of vertices at a distance 2
away from v). This paper suggests a method to construct semi neighbourly
irregular graphs which contain every graph of order n > 2 as an induced
subgraph. We have also defined strict semi neighbourly irregular tree and
semi neighbourly regular strength of a graph. We also study few properties
possessed by semi neighbourly irregular graphs and semi neighbourly irregular
trees.

1. Introduction

In this paper, we consider only finite, simple, connected graphs. We follow
graph theoretic terminology proposed in the works of J. A. Bondy and U.S.R.
Murty [3] and Harary [4]. We denote the vertex set and edge set of a graph G
by V(G) and E(G) respectively. The degree of a vertex v is the number of edges
incident at v. A graph G is regular if all its vertices have the same degree.

For a connected graph G, the distance d(u,v) between two vertices u and v
is the length of a shortest (u,v) path. Therefore, the degree of a vertex v is the
number of vertices at a distance 1 from v, and it is denoted by d(v). The set of all
verticees at a distance one from v is called the neighbourhood of v and is denoted
by N(v). This observation suggests a generalization of degree. That is, dy(v) is
defined as the number of vertices at a distance d from v. Hence d; (v) = d(v) and
Ngy(v) denote the set of all vertices that are at a distance d away from v in a graph
G. Hence Ny(v) = N(v). Girth of a graph is the smallest cycle in the graph and
diameter of graph G = max{d(u,v)/u,v € V(G)}. For any S C V(G), G(S) is
the subgraph of G induced by the vertices of S.

A graph G is said to be distance d-regular [2] if every vertex of G has the same
number of vertices at a distance d from it. If every vertex of G has exactly k
number of vertices at a distance d from it, then we call this graph by (d, k)-regular
graph. That is, a graph G is said to be (d, k)-regular graph if dg(v) = k, for all
v in G. The (1, k)-regular graphs are nothing but k-regular graphs. A graph G
is (2, k)-regular if da(v) = k, for all v in G. We observe that (2, k)-regular and
k-semi regular graphs are same thing. The concept of the semi-regular graph was
introduced and studied by Alison Northup [1]. A graph G is said to be k-semi
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regular graph if each vertex of G is at distance two away from exactly k vertices
of G. That is, if do(v) =k, for all v in G. Helm graph is obtained from a Wheel
by attaching a pendant edge at each vertex of the n-cycle. Webgraph is obtained
by joining the pendant points of a helm to form a cycle and then adding a single
pendant edge to each vertex of this outer cycle.

A connected graph G is neighbourly irregular graph (NI) if no two adjacent ver-
tices of G have the same degree. This concept was studied by S. Gnana Prakasam
and S.K. Ayyaswamy [5]. Above definitions motivate us to define the concept of
semi neighbourly irregular graphs (abbreviated as SNI graph), semi neighbourly
regular strength of graphs and strict semi neighbourly irregular tree.

An induced subgraph of G is a subgraph H of G such that E(H) consists of all
edges of G whose end points belong to V(H). In 1936, Konig [7] proved that if G
is any graph whose largest degree is r, then it is possible to add new points and to
draw new lines joining either two new points or a new point and an old point, so
that the resulting graph H is a regular graph containing G as an induced subgraph.
In 1963, Paul Erdos and Paul Kelly [6] determined the smallest number of new
vertices which must be added to a given graph G to obtain such a graph. These
results motivate us to construct a semi neighbourly irregular graph containing
given graph as an induced subgraph.

2. Semi Neighbourly Irregular Graphs

Definition 2.1. A connected graph G is said to be semi neighbourly irregular
(SNI) if no two adjacent vertices of G have the same number of vertices at a
distance two away from them. That is, da(u) # d2(v), for all uv in E(G), where
da(v) denote the number of vertices at a distance two away from v in G.

Example 2.2. i. Any complete bipartite graph K, ,, is semi neighbourly irregular
graph only when m # n.

ii. Ps is semi neighbourly irregular.

iii. Any complete tripartite graph Ky, , , is semi neighbourly irregular graph
only when m # n # p.

Theorem 2.3. Any complete m— partite graph Ky, n,. ., is semi neighbourly

wrreqular if and only if nqy # no #£ng £ ... Ny

m

Proof. Let G(V,E) be a complete m— partite graph with partition
(Voys Vg -y Vi) of V. That is, for ¢ = 1,2,...,m, every vertex in vertex set
V; is adjacent to all other vertices in the remaining m — 1 sets and non-adjacent
with vertices in the same set V;. Hence every vertex in V,,, is at the distance two
away from n; — 1 vertices, i = 1,2,3,...,m. For any vertex v € V,,,, da(v) = n;_1,
i =1,2,...,m. Let u,v be two adjacent vertices of G. Then uw and v are in
two different partition sets of V. Let u € V,,, and v € V,,;, where i # j. G is
semi neighbourly irregular if and only if da(u) # d2(v), wv € E(G) if and only if
n; —1#mn; —1,4# jif and only if n; # n;, i # j. Hence Ky, n,.... n,, is semi
neighbourly irregular if and only if ny # ng # ng # ny,. O
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Remark 2.4. The graph Ky, n,... n, such that all n;’s are distinct is neighbourly
irregular and semi neighbourly irregular. Figure 1(a) illustrates ”neighbourly irreg-
ular graph need not be semi neighbourly irregular” and Figure 1(b),(c) illustrates
”semi neighbourly irregular graph need 1120‘5 be nenghbourly irregular”.

Figure 1.

Theorem 2.5. For anyn > 3, there exists at least one semi neighbourly irregular
graph of order n.

Proof. Every positive integer n > 3, has a partition (1,n — 1). Therefore, every
positive integer n > 3, has at least one partition with distinct parts. For each
partition with distinct parts, there exists a complete partite graph. Thus, for any
n > 3, there exists at least one K, y,.... .n,, such that all n;’s are distinct. O

Remark 2.6. The class of all K, pn,,..n, graphs is only a proper subclass of

the class of all semi neighbourly irregular graphs. For example Figure 2 is semi

neighbourly irregular of order 5, which is not in the class of all K, p,. ... n,, graphs.
1 1

2 2 2
Figure 2.

Next we will see some other class of semi neighbourly irregular graphs which
are not in the class of all Ky, n,,...n,, graphs.

3. Smt - Graphs

Definition 3.1. Let S,,: denote the bipartite graph of order n having distinct
partite sets Vi = {uy,us,...,up} and Vo = {vy,v9,...,v:}, where m < ¢, and
edge set E(Sy, ) = U;E;, where E; = {u;v;/m —i+1<j <t,andl <i<m}.

By construction of S, ¢, do(u;) =m—1, (1 =1,2,...,m) and da(v;) =t —1(i =
1,2,...,t) with m < t. Therefore Sy, + is SNI graph of order n, where n = m + ¢
and m < t.
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Figure 3.

Remark 3.2. For each odd n, ((n — 1)/2)S,,,, graphs exist. For each even n,
((n —2)/2) S, graphs exist.

Theorem 3.3. For any n > 3, there exist at least one Sp,(m < t) of order
n(=m+t).

Proof. Since every positive integer n > 3, has at least one partition with distinct
parts. U

Definition 3.4. Gear graph is obtained from the wheel W,, (n # 4) by inserting
a vertex between every pair of adjacent vertices of the cycle.

Proposition 3.5. Gear graph is semi neighbourly irregular for n # 4.

Proof. Let V(W,,) = {v1,v9,vs3,...,0,} U{v}. E(W,) = E(C,)U{vv;/(1 <i<
n)}. Inserting w; between v; and v;41 and u, between v, and vy, vertex set
of Gear graph is {vy,v2,v3,...,0,} U {v} U {us,us,us,...,un} and edge set is
{vv;/(1 < i < n)}U{vu;/(1 <i<n)}U{uvipr/(1 <i<n—1)}U{uyvi}
Here da(v;) =n — 1, for (1 <i < n), da2(u;) = 3, for (1 <i < n), and da(v) = n.
No two adjacent vertices have same ds. Therefore Gear graph is semi neighbourly
irregular for n # 4. O

Remark 3.6. Following graphs are not semi neighbourly irregular:

(1) Kny ny,...,n,, With atleast two n;’s the same.
(2) Any path P, (n#3).

(3) Any cycle Cy, (n > 3).

(4) All complete graphs.

(5) Helm graph

(6) Web graph

Observation 3.7

i. If any vertex v in a graph G is adjacent with vertex u of degree n and non
adjacent with vertices which are adjacent with u, then v is at a distance two away
from at least n — 1 vertices.

ii. If a graph G is semi neighbourly irregular, and it contains paths Py, then no
P, (path on 4 vertices) contains internal vertices having same number of vertices
at a distance two away from them.
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4. Semi neighbourly irregular graphs containing a graph as an
induced subgraph

In this section, we construct semi neighbourly irregular graphs containing the
given graph as an induced subgraph and also we define semi neighbourly regular
strength of G.

Theorem 4.1. There exists a semi neighbourly irregular graph of order 4n — 1,
containing every graph of order n > 2 as an induced subgraph.

Proof. Let G be any graph of order n. Let V(G) = {v;/(1 <i <n)}. The desired
graph S has the vertex set V(S) = V(G) UV (T)UV (W), where V(T) = {t;/(1 <
i <n)}and V(W) = {w;/(1 <i<2n—1)} Let E(S) = E(G) U {vt;/(1 <
i <n)}U{tiw;/1<i<n),l<j<n-1+9}U{vt;/(1<i<mni+1<
j < nandwvjv; ¢ E(G)}. Here, we observe that da(v;) in S = 2n — 2 44, for
(1 <i<n),do(w;)in S =3n—2, for (1 <i<n), da(Wign_1)inS=3n—1i—1,
for (2 < i < n); do(w;) in S not equal to da(t;) in S; for (1 < i < n) and do(wWitpn—1)
in S not equal to da(t;) in S, for i = 2,3,4,...,n. da(v;) in S not equal to da(t;)
in S, for i =2,3,4,...,n. Therefore, the desired graph S is the semi neighbourly
irregular graph of order 4n —1 containing every graph of order n > 2 as an induced
subgraph. The number of edges in the graph S is 2n?. (]

5. Minimal Edge Covering

A family of edges of a graph is called a covering edge family when it has at least
one edge at each vertex.

Theorem 5.1. A minimal covering edge family of semi neighbourly irregular graph
S of order 4n — 1 containing given graph of order n > 1 as an induced subgraph
has cardinality 3n — 1.

Proof. Letwy, wa, w3, ..., Wy, Wyitly.- -, Won_2,Wapn_1;t1,t2,t3,...,1n and
V1, Vg, V3, U4, . . ., Uy be the vertices of semi neighbourly irregular graph S of or-
der 4n — 1 containing any given graph of order n > 1 as an induced subgraph.
Let E; be the set of edges tywi,tiwa,tiws,. .., t1wy—1,t1Wn, toWy 11, t3Wp 42,
e ,tnw2n_1.

This set E; covers all the vertices wy,ws, w3, wy, ..., Wy, Wpt1,. .., Wap—2,
Won—1 and ty,ta,t3,...,t,. The remaining vertices vy, vs,v3,...,0, are covered
by the edges tiv1,tove, t3vs, ..., thv,. Therefore a minimal covering edge family
of semi neighbourly irregular graph S of order 4n — 1 containing given graph of
order n as an induced subgraph has cardinality 3n — 1. (|

6. Minimal Vertex Covering

Minimum number of vertices which covers all the edges of a graph is called
minimal vertex covering number.

Theorem 6.1. A minimal vertex covering number of semi neighbourly irregular
graph S of order 4n — 1 containing given graph of order n as an induced subgraph
18 2n — 1.
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Proof. The vertices t,to,ts,...,t, cover all the edges in the sets {v;t;/(1 < i <
n)}U{t;w;/(1 <i<n),(1 <j<n-—1+1)} and remaining edges are covered by

n — 1 vertices of vy, v, v3,v4,...,V,. Hence a minimal vertex covering number of
semi neighbourly irregular graph S of order 4n — 1 containing given graph of order
n > 1 as an induced subgraph is 2n — 1. |

Remark 6.2. We observe that semi neighbourly irregular graph containing K5 as
an induced subgraph is Ps; and is of order 3 and semi neighbourly irregular graph
containing K » as an induced subgraph is of order 5. But in the above construc-
tion, semi neighbourly irregular graph containing K, as an induced subgraph is
of order 7 and semi neighbourly irregular graph containing K59 as an induced
subgraph is of order 15.

Now we will determine minimum number of points needed to construct semi
neighbourly irregular graph containing some particular graphs.

Theorem 6.3. Forn > 1, the minimum order of semi neighbourly irreqular graph
containing the reqular complete bipartite graph K, , of order 2n as an induced
subgraph is 2n + 1.

Proof. By attaching one pendant vertex to any one of the vertex of K, , we get
semi neighbourly irregular graph of order 2n + 1. This attachment makes ds of
each vertex in one partition is n. do of each vertex in another partition set is
n—1. O

Theorem 6.4. For any n > 3, every n-cycle is an induced sub graph of semi
neighbourly irregular graph of order 2n.

Proof. Case (i) : n is even (n > 4).
By attaching two pendant vertices to alternate vertices of n -cycle (n is even) we
get SNI graph of order 2n.

Case (ii) : nis odd (n > 5).
Let C,, be an odd n-cycle. V(C,,) = {v1,va,...,v,}. By attaching three pendant
vertices to vy, and attaching two pendant vertices to v;, for ¢ = 3,5,7,...,n — 2,
we get semi neighbourly irregular graph of order 2n. O

Theorem 6.5. For any n > 3, every path P, is an induced sub graph of semi
neighbourly irregular graph (tree) of order 2n — 3.

Proof. Case (i): n is odd.
If n = 3, P5 is semi neighbourly irregular graph. Let P, (n > 5) be a path of
length n— 1. V(P,) = {v1,v2,vs,...,v,}. By attaching one pendant vertex to vy
and attaching one pendant vertex to (n—1)%* vertex of P, and then attaching two
pendant vertices to v;, for ¢t = 4,6,8,...,n — 3, we get semi neighbourly irregular
graph (tree) of order 2n — 3.

Case (ii): n is even.
If n = 4, attach one pendant vertex to v, to get semi neighbourly irregular
tree of smallest order 5. Let P,(n > 6) be a path of length n — 1. V(P,) =
{U17U2,’03, s 7vn}'
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By attaching one pendant vertex to ve, and attaching two pendant vertices to
v, for i =4,6,8,...,n—2, we get semi neighbourly irregular graph(tree) of order
2n — 3. (]

Theorem 6.6. For n > 2, the smallest order of semi neighbourly irreqular graph
containing K, as an induced subgraph is of order 2n — 1.

Proof. Let K,, be the complete graph of order n > 2. If n = 2, then the graph
Pj is semi neighbourly irregular graph containing K5. We assume that n > 3.
Let V(K,) = {v1,vs,...,0,}. To the graph K,, we add (n — 1) new vertices
Uy, U, U3, . . ., Up—1 t0 V(K,) and we add several additional edges to complete the
construction of G.

For 1 < ¢ < n, we join v; and u; with 1 < j < ¢. That is, E(G) =
E(K,) U{vu;/1 <i<n,1<j<i}. Moreover, da(v;) =mn — i, for (1 < i < n)
and da(u;) =n+i—2, for (1 <4 <n—1). Therefore, no two adjacent vertices
have same number of vertices at a distance two away from them. The resulting
graph G is a semi neighbourly irregular graph which contains K, as an induced
subgraph. We denote this graph by SNI K.

Also, we observe that d(v;) in Gisn+i—2, (1 <i<n),d(u;) in Gisn—i, (1 <
i <n—1). The degree sequence is (1,2,3,...,[(2n—1)/2],[(2n—1)/2],... (2n—2)).
The ds sequence is 0,1,2,3,...,[(2n—1)/2],[(2n—1)/2],...,(2n —3). This graph
has exactly two vertices of same dy. If we attach one pendant vertex to the vertex
which has do = 0 (or maximum degree vertex) then we have semi neighbourly
irregular graph of even order. By attaching n-pendant vertices to the vertex which
has zero dy (maximum degree), then we get semi neighbourly irregular graph and
dsy of each vertex is increased by n. O

For every graph GG, minimum number of points needed to construct semi neigh-
bourly irregular graph containing G to be considered and we will define semi
neighbourly regular strength of G.

Definition 6.7. Let G be a graph with n vertices. The semi neighbourly regu-
lar strength (SNRS)of G is the minimum number k& such that G is an induced
subgraph of semi neighbourly irregular graph.

Proposition 6.8. SNRS(C,) = n, SNRS(P,) = n — 3, SNRS(S) = 0,
SNRS(Kpn) =1, SNRS of SNI graphs is 0 and SNRS(K,) =n — 1.

7. Semi Neighbourly Irregular Trees

In this section, we define semi neighbourly irregular tree and strict semi neigh-
bourly irregular tree and include a few properties possessed by semi neighbourly
irregular trees.

Now we recall the definitions, (i) The graph S(G) obtained from a graph G by
subdividing each edge of G exactly once is called the Subdivision of G. (ii) K>
with n pendant edges at each end point is called the Bistar (or) Barbell graph
and is denoted by B, . (iii) K3 with n pendant edges at one end point and m
pendant edges at another end point is called B,, ,,(n # m) Star (tree).
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Definition 7.1. A tree T is said to be semi neighbourly irregular (SNI) tree if
no two adjacent vertices of T' have the same number of vertices at a distance two
away from them.

Proposition 7.2. For any n > 3, there exists a semi neighbourly irregular Star,
of order n.

Proof. Any n > 3 can be partitioned into 1 and n — 1. By Theorem 2.3, for any
n >3, Ky ,—1 is SNI star. Size of the star is n — 1. O

Proposition 7.3. Subdivision of K1 ,(n > 3) is semi neighbourly irregular tree.

Proof. Let K1 ,(n > 3) be a star. Let u be the center vertex of degree n. Let
v1,V2,. ..,V are vertices adjacent with . Subdividing each edge of K ; one time,
we get S(Kq,,). We get n vertices wy, we, ws, . .., wy, such that each w; is adjacent
with center vertex uw and adjacent with v;. do(u) = n,da(v;) = 1,i=1,2,...,n
and do(w;) =n—1,4=1,2,...,n. Therefore S(K ) is semi neighbourly irregular
tree. Size of this graph is 2n. (]

Proposition 7.4. Subdivision of By, n,(n > 2) is semi neighbourly irregular tree
of order 4n + 3.

Proof. Let V(K3) = {v1,v2}. Let u; (1 <4 < n) be the vertices adjacent to vy
and w; (1 <14 < n), be the vertices adjacent to ve. Subdivide each edge of B,, ,,
one time, we get S(By.,). In S(B,,), for each edge viu;(1 < i < n), we get n
vertices x1,To,..., T, such that each z; is adjacent with v; and w; and for each
edge vow; (1 < i < n), we get n vertices y1,ys,. .., yn such that each y; is adjacent
with vy and w;. For the edge vive, we get a new vertix & which is adjacent to
both v; and vy. For i = 1,2,...,n, do(u;) = 1 and da(z;) = n, da(v1) = n + 1,
da(w;) = 1 and do(y;) = n, da(v2) = n+1, da(x) = 2n. Therefore, S(B,, ) is semi
neighbourly irregular tree of order 4n + 3. (]

Proposition 7.5. Subdivision of S(K1 ) is not semi neighbourly irregular.

Proposition 7.6. Subdivide Ky in Bistar B, ,(n > 2). We get semi neighbourly
wrreqular tree of order 2n + 3.

Proof. Let V(K3) = {v1,v2}. Let u;(1 < i < n) be the vertices adjacent to v; and
w;(1 <4 < n) be the vertices adjacent to ve. Subdivide v1v2, we get a new vertex
x which is adjacent to both v; and vo. Then dy(v1) = 1, da(ve) = 1, do(u;) = n,
for (1 < ¢ < n)and dy(w;) = n, for (1 <i < n), da(x) = 2n. Therefore, we get
semi neighbourly irregular tree of order 2n + 3. (]

Proposition 7.7. B, ., (n # m) Star (tree) is semi neighbourly irregular.

Proof. Let V(K3) = {v1,v2}. Let v, (1 <i <n) be the vertices adjacent with v,
and non adjacent with v and u;(1 < ¢ < m) be the vertices adjacent with vy and
non adjacent with vy. Therefore da(vy) = m, da(v;) = n, for 1 <i < n, da(vy) = n,
da(u;) = m, for 1 <i <m. Hence B,, ,, is SNI tree of order 2 4+ m + n. O

Definition 7.8. A semi neighbourly irregular tree T is called strict semi neigh-
bourly irregular tree if removal of any pendant vertex in T results in a non semi
neighbourly irregular tree.
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Example 7.9. The following graphs are strict semi neighbourly irregular trees.

Figure 5.

Remark 7.10. Cartesian product of semi neighbourly irregular graphs need not be
a semi neighbourly irregular graph. From figure 5, we can see that Ps is SNI but
P35 x Ps is not SNI.

1 3 3 3
0 3
T 3
1
3 3
P3 Pg X Pg
Figure 4.
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