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Abstract. In this paper, the main problem is counting of partitions of stable

sets of the direct product on several pairs of complementary graphs. Count-
ing of stable set partitions is NP-hard problem. It is difficult the same as

counting of crossing number.By means of counting theory of S(n)-factors and

two counting formulas of partitions of stable sets of the direct product graphs,
the author obtains explicit formulas of the direct product on several pairs of

complementary graphs, such as the wheel graph,the product of (n-2)-regular

graph,etc, and discovers these explicit formulas related to Fibonacci number,
Lucas number, Stirling number and Bell number. So that these combina-

torial numbers are given graphic interpretations.Further, the product of n
continuous Fibonacci numbersF1F2...Fn and the product of n continous Bell

numbers b(1)b(2)...b(n) are given graphic interpretations. Finally, a counter

example of the formula for calculating the sum of stable set partitions is pre-
sented.The author achieves some advances in its field.For combinatorics and

graph theory, it is of reference value and significant.

1. Introduction

In [1], the author derives two representation formulas of partitions of stable sets
of graphs and relative equalities of partitions of stable sets of the direct product of
graphs. In this paper, the author will further discuss explicit formulae of partitions
of stable sets of the direct product on several pairs of complementary graphs.

Definition 1.1 In graph theory, stable set ( or independent set ) is the set of
vertices in a graph, no two of which are adjacent. That is, it is a set S of vertices
such that for every two vertices in S, there is no edge connecting the two.
β(G, k) denoted by the number of partitions of V (G) into exactly k non-empty

stable sets of G, β(G) is the number of all partitions of V (G) into non-empty
stable sets of G.

Definition 1.2 Let S(n) = {Ki : 1 ≤ i ≤ n}, n ≥ 1, Ki be a complete graph
with i vertices, if M is a subgraph of any graph G, and each component of M is
all isomorphic to some element of S(n) = {Ki : 1 ≤ i ≤ n}, then M is called one
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S(n)-subgraph, if M is a spanning subgraph of G, then M is called one S(n)-factor
of G.

Let N(G, k) denote the number of S(n)-factors with exactly k components.
A(G) is the number of all S(n)-factors.

Definition 1.3 The direct product of graphs G1, G2, ..., Gn denoted by G1 ×
G2 × ...×Gn ,defined by as follows:

the set of its vertices is V (G1) ∪ V (G2) ∪ . . . ∪ V (Gn)
the set of its edges is

{(u, v)|u ∈ Gi, v ∈ Gj , i 6= j, 1 ≤ i, j ≤ n} ∪ E(G1) ∪ E(G2) ∪ . . . ∪ E(Gn).

2. Basic Lemmas

In the section, the author states some basic Lemmas used in the article.

Lemma 2.1 ([1]) If the chromatic polynomial of any graph G is f(G, t) =
n∑

p=1
Ypt

p,

then the number of partitions of V (G) into exactly k non-empty stable sets of G
is as follows

β(G, k) =

n∑
p=k

S(p, k)Yp.

Lemma 2.2 ([1]) If T is a tree with n vertices, then

β(T, k) = S(n− 1, k − 1),

where S(n− 1, k − 1) is the Stirling number of the second kind.
Graphic interpretation: the Stirling number of the second kind S(n, k) is the

number with exactly k+1 partitions of stable sets in tree T with n+1 vertices.

Lemma 2.3 If G is a cycle Cn, then

β(Cn, 1) = 0

β(Cn, k) =
n∑

p=k

(−1)n−p

(
n

p

)
S(p , k),

2 ≤ k ≤ n.

Proof The chromatic polynomial of a cycle Cn

f(G, t) = (t− 1)n + (−1)n(t− 1)

=

n∑
k=0

(−1)n−k

(
n

k

)
tk + (−1)nt+ (−1)n+1

= (−1)n + (−1)n−1

(
n

1

)
t+

n∑
k=2

(−1)n−k

(
n

k

)
tk

+(−1)nt+ (−1)n+1
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= (−1)n−1(n− 1)t+

n∑
k=2

(−1)n−k

(
n

k

)
tk

Y1 = (−1)n−1(n− 1), Yp = (−1)n−p
(
n
p

)
, 2 ≤ k ≤ n.

By Lemma 2.1, then

β(Cn, 1) =

n∑
p=1

YpS(p, 1) = Y1S(p, 1) +

n∑
p=2

YpS(p, 1)

= (−1)n−1(n− 1) +

n∑
p=2

(−1)n−p

(
n

p

)
= (−1)n + (−1)n−1n+

n∑
p=2

(−1)n−p

(
n

p

)

=

n∑
p=0

(−1)n−p

(
n

p

)
= (1− 1)n = 0,

From Lemma 2.1,

β(Cn, k) =

n∑
p=k

(−1)n−p

(
n

p

)
S(p , k),

2 ≤ k ≤ n.

Lemma 2.4 ([1]) If G is the graph with n vertices, and the chromatic polynomial

of G is f(G, t) =
n∑

p=1
Ypt

p, then the number of all non-empty stable sets in G is as

the following

β(G) =

n∑
p=1

Ypb(p) ,

where b(p) is the pth Bell number.

Lemma 2.5 If G is a cycle Cn, then

β(Cn) =

n∑
p=0

(−1)n−p

(
n

p

)
b(p).

Proof According to the proving course of Lemma 2.3, Y1 = (−1)n−1(n − 1),
Yp = (−1)n−p

(
n
p

)
, 2 ≤ k ≤ n. By Lemma 2.4,

β(Cn) =

n∑
p=1

Ypb(p) = Y1b(1) +

n∑
p=2

Ypb(p)

= (−1)n−1(n− 1) +

n∑
p=2

(−1)n−p

(
n

p

)
b(p) = (−1)nb(0) + (−1)n−1nb(1)+

+

n∑
p=2

(−1)n−p

(
n

p

)
b(p)

=

n∑
p=0

(−1)n−p

(
n

p

)
b(p).
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Lemma 2.6 ([1]) If G1 × G2 × ... × Gn is the direct product of graphs G1, G2,
..., Gn, and Ḡi ∩ Ḡj = φ, i 6= j, 1 ≤ i, j ≤ n, then

β(G1 ×G2 × ...×Gn, k) =
∑

l1+l2+···+ln=k

β(G1, l1)β(G2, l2)...β(Gn, ln).

Lemma 2.7 ([1]) If G1 × G2 × ... × Gn is the direct product of graphs G1, G2,
..., Gn, and Ḡi ∩ Ḡj = φ, i 6= j, 1 ≤ i, j ≤ n, then

β(G1 ×G2 × ...×Gn) = β(G1)β(G2)...β(Gn).

Lemma 2.8 ([1]) There exists the relation between stable sets and S(n)-factors

β(G, k) = N(Ḡ, k).

Lemma 2.9 ([1]) If A(Ḡ) is the number of all S(n)-factors in Ḡ, then

β(G) = A(Ḡ).

Lemma 2.10 ([2]) If Pn is a length n path with n+ 1 vertices, then

A(Pn) = Fn+1,

where Fn+1 is the (n+ 1)th Fibonacci number.
Graphic interpretation: The nth Fibonacci number Fn is the number of allS(n)-

factors in Pn−1 with n vertices.

Lemma 2.11 ([2]) If Cn is a cycle with n vertices, then

A(Cn) = Ln,

n ≥ 4, where Ln is the nth Lucas number.
Graphic interpretation: Lucas number(n ≥ 4)is the number of all S(n)-factors

in Cn.

Lemma 2.12 ([2]) If G is a graph with n vertices, P is a fixed vertex of the graph
G, all complete graphs through the vertex P are Ki1 ,Ki2 , · · · , Kir , then

N(G, k) =

r∑
j=1

N(G− V (Kij ), k − 1) ,

where G − V (Kij ) is the graph that vertices V (Kij ) and these edges incident to
V (Kij ) are all deleted.

Lemma 2.13 ([2]) If G is a graph with n vertices, P is a fixed vertex of the graph
G, all complete graphs through the vertex P are Ki1 ,Ki2 , · · · , Kir , then

A(G) =

r∑
j=1

A(G− V (Kij )) ,
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where G − V (Kij ) is the graph that vertices V (Kij ) and these edges incident to
V (Kij ) are all deleted.

Lemma 2.14 ([3]) Suppose that Pn is a path with length n, and has n+1 vertices,
then

N(Pn, k) =


0 , 1 ≤ k < n+1

2 ,(
k

n+ 1− k

)
, n+1

2 ≤ k ≤ (n+ 1) .

Lemma 2.15 ([3]) Let Cn be a cycle with n vertices, and n ≥ 4. Then

N(Cn, k) =


0 , 1 ≤ k < n

2 ,

n

k

(
k

n− k

)
, n

2 ≤ k ≤ n .

Lemma 2.16 ([4]) If G is n− 2-regular graph, n is even(2m), then

N(Ḡ, k) =


0 , 1 ≤ k < n

2 ,( n
2

k − n
2

)
, n

2 ≤ k ≤ n .

3. Main resluts

In the section, the author will research counting of partitions of stable sets of
the direct product on several pairs of complementary graphs, and obtains their
explicit formulas.

Theorem 3.1 If G is the direct product of graphs Pn1
, Pn2

, ..., Pnq
, Pni

is a
length ni path with ni + 1 vertices, 1 ≤ i ≤ q, then

β(Pn1
× Pn2

× ...× Pnq
, k) =

∑
l1+l2···+lq=k

q∏
j=1

S(nj , lj − 1),

and

β(Pn1
× Pn2

× ...× Pnq
) =

q∏
j=1

b(nj).

Proof For Lemma 2.6,

β(Pn1 × Pn2 × ...× Pnq , k) =
∑

l1+l2···+ln=k

β(Pn1 , l1)β(Pn2 , l2)...β(Pnq , lq).

Because path Pni
is a special tree, by Lemma 2.2, β(Pni

, li) = S(ni, li − 1), 1 ≤
i ≤ q.
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Then

β(Pn1 × Pn2 × ...× Pnq , k) =
∑

l1+l2···+ln=k

S(n1, l1 − 1)S(n2, l2 − 1)...S(nq, lq − 1)

=
∑

l1+l2+···+lq=k

q∏
j=1

S(nj , lj − 1).

By Lemma 2.7,

β(Pn1
× Pn2

× ...× Pnq
) = β(Pn1

)β(Pn2
)...β(Pnq

).

From the proving course of above, β(Pni
, li) = S(ni, li − 1), 1 ≤ i ≤ q.

β(Pni
) =

ni+1∑
li=1

β(Pni
, li) =

ni+1∑
li=1

S(ni, li − 1)

= S(ni, 0) + S(ni, 1) + ...+ S(ni, ni) = b(ni).

Then

β(Pn1 × Pn2 × ...× Pnq ) = b(n1)b(n2)...b(nq)

=

q∏
j=1

b(nj).

Corollary 3.2

β(P1 × P2 × ...× Pn) = b(1)b(2)...b(n)

Graphic interpretation: the product of n continuous Bell numbers b(1)b(2)...b(n)
is the number of all partitions of stable sets on the product graph P1×P2×...× Pn.

Theorem 3.3 If G is the direct product of complement paths P̄n1
, P̄n2

, ..., P̄nq
,

then

β(P̄n1
× P̄n2

× ...× P̄nq
, k) =

∑
l1+l2+···+lq=k

q∏
j=1

(
lj

nj + 1− lj

)
,

and

β(P̄n1
× P̄n2

× ...× P̄nq
) =

q∏
j=1

Fnj+1.

Proof By Lemma 2.6,

β(P̄n1
× P̄n2

× ...× P̄nq
, k) =

∑
l1+l2+···+ln=k

β(P̄n1
, l1)β(P̄n2

, l2)...β(P̄nq
, lq).

By Lemma 2.8,

β(P̄nj
, lj) = N(Pnj

, lj).

For Lemma 2.14,

N(Pnj
, lj) =

(
lj

nj + 1− lj

)
,
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hence

β(P̄nj
, lj) =

(
lj

nj + 1− lj

)
.

Then

β(P̄n1 × P̄n2 × ...× P̄nq , k)

=
∑

l1+l2+···+lq=k

(
l1

n1 + 1− l1

)(
l2

n2 + 1− l2

)
...

(
lq

nq + 1− lq

)

=
∑

l1+l2+···+lq=k

q∏
j=1

(
lj

nj + 1− lj

)
.

With Lemma 2.7,

β(P̄n1
× P̄n2

× ...× P̄nq
) = β(P̄n1

)β(P̄n2
)...β(P̄nq

).

By Lemma 2.9,

β(P̄nj ) = A(Pnj ).

For Lemma 2.10,

A(Pnj
) = Fnj+1.

Then

β(P̄n1
× P̄n2

× ...× P̄nq
) =

q∏
j=1

Fnj+1.

Corollary 3.4

β(P̄0 × P̄1 × ...× P̄n−1) = F1F2...Fn.

Proof According to Theorem 3.3, let n1 = 0, n2 = 1, ..., nq = n− 1, so,

β(P̄0 × P̄1 × ...× P̄n−1) = F1F2...Fn.

Graphic interpretation: the product of n continuous Fibonacci numbers F1F2...Fn

is the number of all partitions of stable sets on the product graph P̄0 × P̄1 × ...×
P̄n−1.

Theorem 3.5 If G is the direct product of cycles Cn1
, Cn2

, ..., Cnq
, Cni

is a
cycle with ni vertices, 1 ≤ i ≤ q, then

β(Cn1
× Cn2

× ...× Cnq
, k) =

∑
q∑

j=1
lj=k2≤lj≤k

q∏
j=1

nj∑
p=lj

(−1)nj−p

(
nj
p

)
S(p, lj),

and

β(Cn1 × Cn2 × ...× Cnq ) =

q∏
j=1

nj∑
p=0

(−1)nj−p

(
nj
p

)
b(p).

Proof By Lemma 2.6,

β(Cn1 × Cn2 × ...× Cnq , k) =
∑

l1+l2···+ln=k

β(Cn1 , l1)β(Cn2 , l2)...β(Cnq , lq).
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For Lemma 2.3,

β(Cnj
, 1) = 0

β(Cnj
, k) =

nj∑
p=k

(−1)nj−p

(
nj
p

)
S(p , k),

2 ≤ k ≤ n, then

β(Cn1 × Cn2 × ...× Cnq , k)

=
∑

q∑
j=1

lj=k2≤lj≤k

n1∑
p=l1

(−1)n1−p

(
n1
p

)
S(p, l1)

n2∑
p=l2

(−1)n2−p

(
n2
p

)
S(p, l2)...

nq∑
p=lq

(−1)nq−p

(
nq
p

)
S(p, lq)

=
∑

q∑
j=1

lj=k2≤lj≤k

q∏
j=1

nj∑
p=lj

(−1)nj−p

(
nj
p

)
S(p, lj).

By Lemma 2.7,

β(Cn1 × Cn2 × ...× Cnq ) = β(Cn1)β(Cn2)...β(Cnq ).

For Lemma 2.5,

β(Cnj
) =

nj∑
p=0

(−1)nj−p

(
nj
p

)
b(p),

1 ≤ lj ≤ q
Then

β(Cn1 × Cn2 × ...× Cnq )

=

n1∑
p=0

(−1)n1−p

(
n1
p

)
b(p)

n2∑
p=0

(−1)n2−p

(
n2
p

)
b(p)...

nq∑
p=0

(−1)nq−p

(
nq
p

)
b(p)

=

q∏
j=1

nj∑
p=0

(−1)nj−p

(
nj
p

)
b(p).

Theorem 3.6 If G is the direct product of complement cycles C̄n1
, C̄n2

, ..., C̄nq
,

then

β(C̄n1 × C̄n2 × ...× C̄nq , k) =
∑

l1+l2+···+lq=k

q∏
j=1

N(Cnj , lj),

when nj = 3, N(C3, l) =


1 , l = 1 ,

3 , l = 2 ,

1 , l = 3 ,
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when nj ≥ 4, N(Cnj
, lj) =


0 , 1 ≤ lj < nj

2 ,

nj
lj

(
lj

nj − lj

)
,

nj

2 ≤ lj ≤ nj ,

and

β(C̄n1
× C̄n2

× ...× C̄nq
) = 5l

q−l∏
j=1

Lnj
,

where the number of lj = 3 is l, 1 ≤ j ≤ q, Lnj
is the njth Lucas number.

Proof According to Lemma 2.6,

β(C̄n1
× C̄n2

× ...× C̄nq
, k) =

∑
l1+l2+···+ln=k

β(C̄n1
, l1)β(C̄n2

, l2)...β(C̄nq
, lq).

By Lemma2.8,

β(C̄nj , lj) = N(Cnj , lj).

Then

β(C̄n1
× C̄n2

× ...× C̄nq
, k) =

∑
l1+l2+···+ln=k

N(Cn1
, l1)N(Cn2

, l2)...N(Cnq
, lq),

where

when nj = 3, N(C3, l) =


1 , l = 1 ,

3 , l = 2 ,

1 , l = 3 ,

when nj ≥ 4, N(Cnj
, lj) =


0 , 1 ≤ lj < nj

2 ,

nj
lj

(
lj

nj − lj

)
,

nj

2 ≤ lj ≤ nj ,

see Lemma 2.15.
By Lemma 2.7,

β(C̄n1
× C̄n2

× ...× C̄nq
) = β(C̄n1

)β(C̄n2
)...β(C̄nq

).

Because of β(C̄3) = A(K3) = 5, by Lemma 2.9 and Lemma 2.11, β(C̄nj
) =

A(Cnj
) = Lnj

, and the number of lj = 3 is l, 1 ≤ j ≤ q, then

β(C̄n1
× C̄n2

× ...× C̄nq
) = β(C̄3)l

q−l∏
j=1

β(C̄nj
)

= 5l
q−l∏
j=1

Lnj
.
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Theorem 3.7 If G is the direct product of graphs n1 − 2-regular graph, n2 − 2-
regular graph, ..., nq − 2-regular graph, and nj is even(2mj), 1 ≤ j ≤ q, then

β(G, k) =
∑

l1+l2+···+lq=k

(
m1

l1 −m1

)(
m2

l2 −m2

)
...

(
mq

lq −mq

)
,

and

β(G) = 2m1+m2+...+mq .

Proof Let G = G1×G2×...×Gq, Gj is nj−2-regular graph, and nj is even(2mj),
1 ≤ j ≤ q. With Lemma 2.6 and Lemma 2.8,

β(G1 ×G2 × ...×Gq, k) =
∑

l1+l2+···+ln=k

β(G1, l1)β(G2, l2)...β(Gq, lq)

=
∑

l1+l2+···+ln=k

N(Ḡ1, l1)N(Ḡ2, l2)...N(Ḡq, lq).

Because Gj is nj − 2-regular graph, Ḡj is 1-regular graph. Thus assume that

Ḡj = K2

⋃
K2

⋃
· · ·
⋃
K2

say. Here the number of K2 is mj . For Lemma 2.16, N(Ḡj , lj) =
(

mj

lj−mj

)
, 1 ≤ j ≤

q, then

β(G, k) =
∑

l1+l2+···+lq=k

(
m1

l1 −m1

)(
m2

l2 −m2

)
...

(
mq

lq −mq

)
.

By Lemma 2.7,

β(G) = β(G1 ×G2 × ...×Gq) = β(G1)β(G2)...β(Gq).

By Lemma 2.8,

β(Gj) =

nj∑
j=1

β(Gj , j) =

nj∑
j=1

N(Ḡj , j) =

nj∑
j=1

(
mj

j −mj

)
=

2(mj)∑
j=mj

(
mj

j −mj

)

=

mj∑
j=0

(
mj

p

)
= 2mj .

Then

β(G) = 2m12m2 ...2mq = 2m1+m2+...+mq .

Theorem 3.8 G is the direct product of nj − 2-regular complement graphs,
1 ≤ j ≤ q, nj is even(2mj), then

β(G, k) =
∑

l1+l2+···+lq=k

q∏
j=1

2mj∑
p=lj

(−1)2mj−p

(
mj

2mj − p

)
S(p, lj),
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and

β(G) =

q∏
j=1

2mj∑
p=1

(−1)2mj−p

(
mj

2mj − p

)
b(p).

Proof Let Gj be nj − 2-regular graph, Ḡj be nj − 2-regular complement graphs.
Then Ḡj is 1-regular graph.Thus assume that Ḡj = K2

⋃
K2

⋃
· · ·
⋃
K2 say. The

number of K2 graphs is mj . By Lemma 2.6,

β(Ḡ1 × Ḡ2 × ...× Ḡq, k) =
∑

l1+l2+···+lq=k

β(Ḡ1, l1)β(Ḡ2, l2)...β(Ḡq, lq).

The chromatic polynomial

f(Ḡj , t) = f(K2, t)f(K2, t)...f(K2, t)

= t(t− 1)t(t− 1)...t(t− 1)

= tmj (t− 1)mj

= tmj

mj∑
j=0

(−1)mj−j

(
mj

j

)
tj

=

mj∑
j=0

(−1)mj−j

(
mj

j

)
tmj+j ,

let mj + j = p,

f(Ḡj , t) =

2mj∑
p=mj

(−1)2mj−p

(
mj

p−mj

)
tp

=

2mj∑
p=mj

(−1)2mj−p

(
mj

2mj − p

)
tp,

when 1 ≤ p ≤ mj , Yp = 0; when mj ≤ p ≤ 2mj , Yp = (−1)2mj−p
(

mj

2mj−p

)
.

By Lemma 2.1,

β(Ḡj , k) =

2mj∑
p=k

(−1)2mj−p

(
mj

2mj − p

)
S(p, k).

Then

β(G, k) = β(Ḡ1×Ḡ2×...× Ḡq, k) =
∑

l1+l2+···+lq=k

2mj∑
p=l1

(−1)2mj−p

(
mj

2mj − p

)
S(p, l1)

2mj∑
p=l2

(−1)2mj−p

(
mj

2mj − p

)
S(p, l2)...

2mj∑
p=lq

(−1)2mj−p

(
mj

2mj − p

)
S(p, lq)

=
∑

l1+l2+···+lq=k

q∏
j=1

2mj∑
p=lj

(−1)2mj−p

(
mj

2mj − p

)
S(p, lj).
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By Lemma 2.7,

β(Ḡ1 × Ḡ2 × ...× Ḡq) = β(Ḡ1)β(Ḡ2)...β(Ḡq).

From the proving course of above, according to Lemma 2.4,

β(Ḡj) =

2mj∑
p=1

(−1)2mj−p

(
mj

2mj − p

)
b(p).

Then
β(G) = β(Ḡ1 × Ḡ2 × ...× Ḡq)

=

2m1∑
p=1

(−1)2m1−p

(
m1

2m1 − p

)
b(p)

2mj=2∑
p=1

(−1)2m2−p

(
m2

2m2 − p

)
b(p)...

2mq∑
p=1

(−1)2mq−p

(
mq

2mq − p

)
b(p)

=

q∏
j=1

2mj∑
p=1

(−1)2mj−p

(
mj

2mj − p

)
b(p).

Theorem 3.9 If G is a wheel graph O�Cn, then β(O�Cn, 1) = 0, β(O�Cn, 2) =
0,

β(O � Cn, k) =

n∑
p=k−1

(−1)n−p

(
n

p

)
S(p, k − 1),

3 ≤ k ≤ n+ 1, and

β(O � Cn) =

n∑
p=0

(−1)n−p

(
n

p

)
b(p).

Proof For
β(O � Cn, k) = β(O × Cn, k),

by Lemma 2.6,

β(O � Cn, k) =
∑

l+m=k

β(O, l)β(Cn,m) = β(Cn, k − 1).

Because of O � Cn 6= On+1, β(O � Cn, 1) = 0.
With Lemma 2.3,

β(Cn, 1) = 0

β(Cn, k) =

n∑
p=k

(−1)n−p

(
n

p

)
S(p , k),

2 ≤ k ≤ n.
β(O � Cn, 2) = β(Cn, 2− 1) = 0,

β(Cn, k − 1) =

n∑
p=k−1

(−1)n−p

(
n

p

)
S(p , k − 1),
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3 ≤ k ≤ n.
Then

β(O � Cn, k) =

n∑
p=k−1

(−1)n−p

(
n

p

)
S(p, k − 1),

3 ≤ k ≤ n+ 1.
By Lemma 2.7,

β(O � Cn) = β(O)β(Cn) = β(Cn).

For Lemma 2.5,

β(Cn) =

n∑
p=0

(−1)n−p

(
n

p

)
b(p).

Then

β(O � Cn) =

n∑
p=0

(−1)n−p

(
n

p

)
b(p).

Theorem 3.10 If G is the complement graph of a wheel graph O � Cn, then

β( ¯O � Cn, k) =
n

k − 1

(
k − 1

n− k + 1

)
+ n

(
k

n− k

)
,

and when n = 3, β( ¯O � Cn) = 14;
when n ≥ 4,

β( ¯O � Cn) = Ln + nFn.

Proof Conduct analyzing for vertex O, all complete graphs through vertex O are
K1; K2, K2, ..., K2; K3, K3, ..., K3. The number of K2 graphs is n, and the
number of K3 graphs is also n.

Case 1, O as K1, delete vertex K1, then there is a cycle Cn,

N(G− V (K1), k − 1) = N(Cn, k − 1).

Case 2, O is contained in K2, delete K2, then there is a path Pn−2,

N(G− V (K2), k − 1) = N(Pn−2, k − 1).

Because the number of K2 is n, and these K2 graphs are symmetric,

nN(G− V (K2), k − 1) = nN(Pn−2, k − 1).

Case 3, O is contained in K3, delete K3, then there is a path Pn−3,

N(G− V (K3), k − 1) = N(Pn−3, k − 1).

Because the number of K3 is n, and these K3 graphs are symmetric,

nN(G− V (K3), k − 1) = nN(Pn−3, k − 1).

Summarize above, according to Lemma 2.12,

β( ¯O � Cn, k) = N(O � Cn, k) =

r∑
j=1

N(G− V (Kij ), k − 1)
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= N(G− V (K1), k − 1) + nN(G− V (K2), k − 1) + nN(G− V (K3), k − 1)

= N(Cn, k − 1) + nN(Pn−2, k − 1) + nN(Pn−3, k − 1).

By Lemma 2.14 and Lemma 2.15,

β( ¯O � Cn, k) =
n

k − 1

(
k − 1

n− k + 1

)
+ n

(
k − 1

n− k

)
+ n

(
k − 1

n− k − 1

)
=

n

k − 1

(
k − 1

n− k + 1

)
+ n

(
k

n− k

)
.

By Lemma 2.9,

β( ¯O � Cn) = A(O � Cn).

Analogous to above, according to Lemma 2.13,

A(O � Cn) =

r∑
j=1

N(G− V (Kij ))

= A(G− V (K1)) + nA(G− V (K2)) + nA(G− V (K3))

= A(Cn) + nA(Pn−2) + nA(Pn−3),

when n = 3,

β( ¯O � C3) = A(C3) + 3A(P1) + 3A(P0) = 5 + 3× 2 + 3× 1 = 14;

when n ≥ 4, by Lemma 2.10 and Lemma 2.11,

β( ¯O � Cn) = Ln + nFn−1 + nFn−2 = Ln + n(Fn−1 + Fn−2) = Ln + nFn.

Remark 3.11 If G ∩H = φ, then

β(G ∪H, k) 6=
∑

l+m=k

β(G, l)β(H,m),

and

β(G ∪H) 6= β(G)β(H).

Proof For

β(Ō ∪ C̄n, k) = β( ¯O � Cn, k),

by Theorem 3.10,

β(Ō ∪ C̄n, k) =
n

k − 1

(
k − 1

n− k + 1

)
+ n

(
k

n− k

)
,

and ∑
l+m=k

β(Ō, l)β(C̄n,m) = β(C̄n, k − 1),

by Lemma 2.8 and Lemma 2.15,∑
l+m=k

β(Ō, l)β(C̄n,m) = N(Cn, k − 1) =
n

k − 1

(
k − 1

n− k + 1

)
,
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so,

β(Ō ∪ C̄n, k) 6=
∑

l+m=k

β(Ō, l)β(C̄n,m).

With

β(Ō ∪ C̄n) = β( ¯O � Cn),

by Theorem 3.10,

β(Ō ∪ C̄n) = Ln + nFn,

and

β(Ō)β(C̄n) = β(C̄n),

by Lemma 2.9 and Lemma 2.11,

β(Ō)β(C̄n) = A(Cn) = Ln,

so,

β(Ō ∪ C̄n) 6= β(Ō)β(C̄n).

4. Conclutions

In this paper, the authors further study the counting of stable sets, and obtains
explicit formulas of partitions of stable sets of the direct product on several pairs
of complementary graphs, this study is of reference value to combination counting
and graph theory counting.
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