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EXPLICIT FORMULAS OF PARTITIONS OF STABLE SETS OF
THE DIRECT PRODUCT ON SEVERAL PAIRS OF
COMPLEMENTARY GRAPHS

HUANG YANG AND LIMIN YANG*

ABSTRACT. In this paper, the main problem is counting of partitions of stable
sets of the direct product on several pairs of complementary graphs. Count-
ing of stable set partitions is NP-hard problem. It is difficult the same as
counting of crossing number.By means of counting theory of S(")-factors and
two counting formulas of partitions of stable sets of the direct product graphs,
the author obtains explicit formulas of the direct product on several pairs of
complementary graphs, such as the wheel graph,the product of (n-2)-regular
graph,etc, and discovers these explicit formulas related to Fibonacci number,
Lucas number, Stirling number and Bell number. So that these combina-
torial numbers are given graphic interpretations.Further, the product of n
continuous Fibonacci numbersFy Fs...F,, and the product of n continous Bell
numbers b(1)b(2)...b(n) are given graphic interpretations. Finally, a counter
example of the formula for calculating the sum of stable set partitions is pre-
sented.The author achieves some advances in its field.For combinatorics and
graph theory, it is of reference value and significant.

1. Introduction

In [1], the author derives two representation formulas of partitions of stable sets
of graphs and relative equalities of partitions of stable sets of the direct product of
graphs. In this paper, the author will further discuss explicit formulae of partitions
of stable sets of the direct product on several pairs of complementary graphs.

Definition 1.1 In graph theory, stable set ( or independent set ) is the set of
vertices in a graph, no two of which are adjacent. That is, it is a set .S of vertices
such that for every two vertices in S, there is no edge connecting the two.

B(G, k) denoted by the number of partitions of V(G) into exactly k non-empty
stable sets of G, B(G) is the number of all partitions of V(G) into non-empty
stable sets of G.

Definition 1.2 Let S = {K; : 1 <i < n}, n > 1, K; be a complete graph
with ¢ vertices, if M is a subgraph of any graph G, and each component of M is
all isomorphic to some element of S (n) = {K; : 1 <i<n}, then M is called one
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S(")_subgraph, if M is a spanning subgraph of G, then M is called one S(™)-factor
of G.

Let N(G,k) denote the number of S(™-factors with exactly k components.
A(G) is the number of all S -factors.

Definition 1.3 The direct product of graphs G1, Gs, ..., G, denoted by G; %
G2 X ... X Gy, ,defined by as follows:

the set of its vertices is V(G1) UV (Ga) U...UV(G,)

the set of its edges is

2. Basic Lemmas

In the section, the author states some basic Lemmas used in the article.

n
Lemma 2.1 ([1]) If the chromatic polynomial of any graph G is f(G,t) = > Y,t?,
p=1

then the number of partitions of V(@) into exactly k non-empty stable sets of G
is as follows

B(G,k) = S(p. k)Y,
p=k

Lemma 2.2 ([1]) If T is a tree with n vertices, then
BT, k)=Sn—-1,k—1),

where S(n — 1,k — 1) is the Stirling number of the second kind.
Graphic interpretation: the Stirling number of the second kind S(n, k) is the
number with exactly k+1 partitions of stable sets in tree T with n+1 vertices.

Lemma 2.3 If G is a cycle C,,, then

B(Cp,1) =0
B(Crsk) =S (=)™ # (") S(p, k),
> (3)sw

2<k<n.

Proof The chromatic polynomial of a cycle C,,

f(G1) =t =1)" +(=1)"(t—1)

- zn:(—n"*’“ (Z)tk + (=)™t + (=) !

k=0

= v (e ké(_mk (1)

+(=D)"t 4 (=)t
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=(-1)""'n—-1t+ é(_mk (Z) o

Vi=(=)""n-1),Y=ED""(),2<k<n.
By Lemma 2.1, then

n

B(Cw1) = SV, 80, 1) = ViS(p, 1) + 3 Y,8(p, 1)
= (*1)”71(n _ 1) + Z(il)nfp (Z) _ (71)71 + (71)7171” + Z(il)n—p (Z)

- §<—1>”-P () =a-v =0

From Lemma 2.1,

2<k<n.

Lemma 2.4 ([1]) If G is the graph with n vertices, and the chromatic polynomial

of Gis f(G,t) = > Y,tP, then the number of all non-empty stable sets in G is as
p=1
the following

BG) =D Yub(p)
p=1
where b(p) is the pth Bell number.

Lemma 2.5 If G is a cycle C),, then

50 = 3 (1) (2)o)

p=0 p

Proof According to the proving course of Lemma 2.3, Y] = (—1)”*1(71 - 1),
Y, =(-1)""7? (2’), 2 < k <n. By Lemma 2.4,

B(Cp) =D Ypb(p) = Y1b(1) + > ¥,b(p)

=(=1)"Hn—1)+ ) (1" (n) b(p) = (=1)"b(0) + (=1)"~'nbd(1)+
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Lemma 2.6 ([1]) If G1 x G2 x ... X Gy, is the direct product of graphs G1, Ga,
vy Gy and G NGy = ¢,1 # j,1 < 4,5 < n, then
B(Gy X Gy X ... X G, k) = > B(G1,1)B(Ga, l2)... (G ).
ot A=k

Lemma 2.77([1])7 If G x Gy X ... X G, is the direct product of graphs Gy, Ga,
iy Gy and G NGy = ¢,1 # j,1 < 4,5 < n, then

,B(Gl X G2 X ... X Gn) = ﬁ(Gl)B(Gg)ﬁ(Gn)

Lemma 2.8 ([1]) There exists the relation between stable sets and S(™)-factors

B(G,k) = N(G, k).

Lemma 2.9 ([1]) If A(G) is the number of all S(™-factors in G, then
B(G) = A(G).

Lemma 2.10 ([2]) If P, is a length n path with n + 1 vertices, then
A(Pn) = F’n+1a

where F), 11 is the (n + 1)th Fibonacci number.
Graphic interpretation: The nth Fibonacci number F, is the number of allS(™)-
factors in P,,_; with n vertices.

Lemma 2.11 ([2]) If C), is a cycle with n vertices, then
A(Cy) = Ly,

n > 4, where L,, is the nth Lucas number.
Graphic interpretation: Lucas number(n > 4)is the number of all S(™-factors
in C,.

Lemma 2.12 ([2]) If G is a graph with n vertices, P is a fixed vertex of the graph
G, all complete graphs through the vertex P are K;,, K;,,---, K, , then

N(G, k) = ET:N(G* V(Ki,),k=1),
j=1

where G — V(K;;) is the graph that vertices V(Kj;) and these edges incident to
V(Kj,) are all deleted.

Lemma 2.13 ([2]) If G is a graph with n vertices, P is a fixed vertex of the graph
G, all complete graphs through the vertex P are K;,, K;,,---, K, , then

AG) =) AG-V(Ky,)),
j=1
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where G — V(Kj,) is the graph that vertices V(Kj;,) and these edges incident to
V(K;,) are all deleted.

Lemma 2.14 ([3]) Suppose that P, is a path with length n, and has n+1 vertices,
then

0, 1<k<ndl
N(P,, k) =
( ) k ’ n+1<k<(n+1)'
n+1—k e

Lemma 2.15 ([3]) Let C,, be a cycle with n vertices, and n > 4. Then

0, 1<k<g,

n k
E\n—£k)’

Lemma 2.16 ([4]) If G is n — 2-regular graph, n is even(2m), then
0, 1<k<g3,

N(Cy,, k) =
<k<n.

|3

3. Main resluts

In the section, the author will research counting of partitions of stable sets of
the direct product on several pairs of complementary graphs, and obtains their
explicit formulas.

Theorem 3.1 If G is the direct product of graphs P, P, ..., Py, P, is a
length n; path with n; 4+ 1 vertices, 1 < i < ¢, then

q
B(Ppy, X Ppy X .. X Py k) = Z HS(nj,lj - 1),

Lot ly=k j=1
and

q
B(Ppy X Py X ... X Py) = Hb(nj).

j=1

Proof For Lemma 2.6,
B(Pny X Pry X .. X Py k) = Z B(Pnys11)B(Prysl2)...8(Pn,,lg)-
i+l =k

Because path P,, is a special tree, by Lemma 2.2, 5(P,,,l;) = S(n;,l; — 1), 1 <
1 <q.
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Then
B(Pn, X Poy X o Puk)= > S(na,li — 1)S(ng,la = 1)...8(ng, 1y — 1)
li+ls---+1l,=k
q
= Y ]IS -1
Lot g =k j=1
By Lemma 2.7,

B(Ppny X Py X ... X an) = 5(Pn1)5(Pn2)---5(an)~
From the proving course of above, 3(P,,,l;) = S(n;,l; — 1), 1 <i<gq.

n;+1 n;+1
B(Pa) = > B(Payli) = Y S(ni,li —1)
;=1 ;=1
Then
B(Py, X Py % ... x Py.) = b(n1)b(ns)...b(ng)

q

b(ny).

q

=

J

Corollary 3.2
B(Py x Py x ... x Pp)=0b(1)b(2)...b(n)

Graphic interpretation: the product of n continuous Bell numbers b(1)b(2)...b(n)
is the number of all partitions of stable sets on the product graph P; X Py X ...x P,.

Theorem 3.3 If G is the direct product of complement paths P,,, P,,, ..., P,

then
q
_ _ _ l;
B(Pny X Pry X ... X Py k) = g H <nj L1 lj>’

Lot tlg=k j=1
and

q
B(Pn, X Poy x ... X Pp) =[] Fu,41.
j=1

Proof By Lemma 2.6,
B(Pny X Pry X oo x Py k) = > B(Pry 11)B(Pry, 12)...B( P, L)
i+t +ln=k
By Lemma 2.8,

5(Pnjalj) = N(Pn]7l])

L
N(P,,,1;) = g
(P 1) (nj+1—lj)’

For Lemma 2.14,
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l.
L) = J .
1) (nj+1—lj)

B(Ppy X Poy X ... X Py k)

D)) )
Litla++lg=k ni+1l—1li)\n2+1-1lp ng+1-—1,

-y (5 )

litla++lg=k j=1

hence

sl

B(
Then

With Lemma 2.7,

B(Ppn, X Py X ... X P,,) = B(Pnl)B(PnQ)..ﬂ(an).
By Lemma 2.9,

For Lemma 2.10,

Then
q
B(Ppy X Py, X o x Py )= HFanrl'

Corollary 3.4
B(po X pl X ... X Pn—l) = FlFQ...Fn.

Proof According to Theorem 3.3, let ny =0, no =1, ..., ng =n — 1, so,
B(po X pl X ... X Pn—l) = FlFQFn

Graphic interpretation: the product of n continuous Fibonacci numbers F1 Fy...F),
is the number of all partitions of stable sets on the product graph Py x Py X ... X
P,_i.

Theorem 3.5 If G is the direct product of cycles Cy,,, Cp,, ..., Cp,, Cp, is a
cycle with n; vertices, 1 < i < ¢, then

B(Cy X Cpy X oo X Ch k) = > HZ 1" ”( )S(M),
i k2l <k j=1p=l;

and

B(Cry % Gy X oo Cy) = [[ D (1) (’;‘;’)b(p).

j=1p=0

Proof By Lemma 2.6,

B(Cry x Cpy X oo X Cp k) = Z B(Cryy, 1) B(Cry,12)...B(Chy 1g)-
li4la+l,=k
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For Lemma 2.3,

B(Cn;,1) =0
B(an7k): : (—1)71,;—17 n; S( ,k),
S (s

2 < k < n, then
B(Cpy X Cpy X oo x Cy k)

= Z ) p( )S(pvh)i(—l)”2‘p<7;2>5(p,12)...

q =
5. L=h2<l; < P=h p=ie
=

-3 Hz v (") 5000,

q l;
2 L=kasty <p?=hP=

By Lemma 2.7,
B(Crny X Cpy X oo x Cp) = B(Cry)B(Chry)...B(Ch,).

For Lemma 2.5,

1< <q
Then
B(Cry X Cpy X oo X Chy,)

p=0 p p=0

NI yET ,,( )b(p).

j=1p=0

Theorem 3.6 If G is the direct product of complement cycles Cy,,, Cry, -- Chy»
then

q
B(Cry X Cry X oo X Cy k) = > [N, 1),
Lot +lg=k j=1
1, 1=1,
when n; = 3, N(Cs,1) 3, 1=2,
1, 1=3,
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n;
0, 1< lj < 7J s

when n; 247N(an’lj> = n; l; j
Z-J(n-Jl')’ sl
J J J

and
q—1
B(Cpy % Cpy x .. x Cp,) =5 HL”J"
j=1

where the number of I; = 3is 1, 1 < j < ¢, L, is the n;th Lucas number.

Proof According to Lemma 2.6,

B(Cry % Cpy x oo x Cp k) = > B(Cy11)B(Cryil2)..B(Cry s ly).
Lt +ln=k

By Lemma2.8,
B(Chn;, 1) = N(Chy,, 1)
Then
B(Cpy X Cry X oo X C k) = > N(Cpy 11)N(Chy,l2)..N(Ch,, lg),
Lo+ +ln=k
where
1, =1,
when n; =3, N(Cs,l)=¢ 3, [=2,
1, 1=3,
0, 1< lj < % s

when n; >4, N(Cy,,l;) =

see Lemma 2.15.
By Lemma 2.7,

B(Cry X Cy X oo x Cy) = B(Cny)B(Cry)...B(Cha,).

Because of 8(C3) = A(K3) = 5, by Lemma 2.9 and Lemma 2.11, 3(Cy,) =
A(Cp;) = Ly;, and the number of [; =3 is 1, 1 < j < g, then

B(Cry % Cry x oo x Cn,) = B(C3) ] B(Cy))
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Theorem 3.7 If G is the direct product of graphs n; — 2-regular graph, ny — 2-
regular graph, ..., ny — 2-regular graph, and n; is even(2m;), 1 < j < g, then

§ : mi ma Mg
LlotHlg=k It —m1/ \l2 —m2 lg —myq

and
B(G) — 2m1+m2+...+mq .

Proof Let G = G1 x Gy x...x Gy, G, is nj —2-regular graph, and n; is even(2m;),
1 <j <gq. With Lemma 2.6 and Lemma 2.8,

B(G1 x Gz x ... x Gy, k) = Z B(G1,1)B(G2,12)...8(Gq, lq)
Lot =k

= > N(G1,1)N(Ga,l2)..N(Gy,1y).
lit+lo+-+l,=k

Because G is nj — 2-regular graph, Gj is 1-regular graph. Thus assume that

G =K K] | K>

say. Here the number of K3 is m;. For Lemma 2.16, N(G;,1;) = ( mJ ), 1<5<

ljfmj - -

sak =Y (h i“ml> <z2 ij)'“(zq Tjﬂq)

Litlot+lg=k

q, then

By Lemma 2.7,

B(G) = B(G1 x Ga X ... x Gy) = B(G1)B(G2)...6(Gy).
By Lemma 2.8,

n;j n; n;j ) 2(m;)
ﬁ(GJ):ZB(GJ’])_ZN(GJLj):Z('Tj )Z Z ( inj )
j=1 j=1 =1 M T j=my N T
_ m; mj> . 2m]
%

Then
B(G) = 2m2m2 2™ = gmatmat..dmg

Theorem 3.8 G is the direct product of n; — 2-regular complement graphs,
1 <j <gq, n; is even(2m;), then

q 2m;

sen= 3 TIn (" s,

Li+lat-+lg=k j=1p=L;
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and
6 = T[ 1  (,, oo)

Proof Let G; be n; — 2-regular graph, G’j be n; — 2-regular complement graphs.
Then G, is 1-regular graph.Thus assume that G; = Ky |JK2 - -+ |J K» say. The
number of K, graphs is m;. By Lemma 2.6,

B(Gy x Ga X ... x Gy k) = > B(G1,1)B(Ga,l2)...B(Ga, )

I Hlot- =k
The chromatic polynomial

f(Gj.t) = f(Ka,t) (K2, t)...f(K2,t)
=t(t—1)t(t—1)..t(t—1)

=t™i(t—1)"™
771,9‘
=t ) (-)m <m.j>tj
=0 J
m;
=Y (~ym (mj)t’”ﬁ'”,
j=0 J
let m; +j = p,
Qmj
_ M
[(Gj,t) = -1 27””’( ’ )tp
(G5 ) p_zT;j( ) p—m;
2m;
= (—1)27”]"”( i )t”,
el 2m; —p

when 1 < p <mj, Y, =0; when m; <p <2m;, Y, :(—1)2’"1’7’”( M )

2mj—p
By Lemma 2.1,
2m]‘
G k)= (~1 Qm.f—P< i )S k).
3Gk =2, 1) S0
Then
2m; 2m;
— B(C A _ 2m;— m; _1\2my—
B(G.k) = B(G1xGax..x Gg k)= Y > (-1) p<2mjﬂ_p>5(p,zl)2( 1)%ma—p
li+Ha++ =k p=l, p=l2
2777,]'
1 2m_j—p( mj )S N
U (g, ) S0l

q 2m;

- Iy, )sea,

2m; —
I +lod--4lg=Fk j=1 p=l; i—P
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By Lemma 2.7,
B(Gy x Ga x ... x Gy) = B(G1)B(G2)...8(G,).
From the proving course of above, according to Lemma 2.4,

B(G;) = %(—1)2"”‘?< i p)b<p>.

2m; —
p=1 J

Then B B B
B(G) = B(G1 x Ga X ... x Gy)

DS NI S A e

p=1

S 1y (g )0

p=1

- ﬁ %(—1)2””‘? (%Z%_ p) b(p).

j=1p=1

Theorem 3.9 If G is a wheel graph O®C,,, then (0 C,,1) =0, B(OOC,,2) =
0,

BO®Cu k)= 3 (1" 7 (") S(p,k - 1),
2 e(y)se

D 1

3<k<n+1,and

Proof For
B(O © Cyy k) = B(O x Cy, k),
by Lemma 2.6,
BOOC, k)= Y BODB(Chm) =B(Cr.k—1).
l+m=k

Because of O ® C,, # Op41, B(O © Cpy1) = 0.
With Lemma 2.3,

B(Cp,1) =0
B(Crsk) =S (=)™ # (") S(p, k),
> cur(y)so

B0 Cy,2)=p(Cy,2-1)=0,

n

BCnk == 3 (0 (")50 k)

p=k—1
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3<k<n.
Then .
BO®CuI) = 3 (1) (”)sw —),
p=k—1 p
3<k<n+1.
By Lemma 2.7,

For Lemma 2.5,

Then .
500 €)= 317 (ot

p=0 P

Theorem 3.10 If G is the complement graph of a wheel graph O ® C,,, then

- n k-1 k
ﬁ(OQC”’k)_k1<nk+1>+n<nk>’

and when n = 3, 8(0 ® C,,) = 14;
when n > 4,

B(OG Cp) = Ly, +nF,.

Proof Conduct analyzing for vertex O, all complete graphs through vertex O are
Ki; Ko, Ko, ..., Ko; K3, K3, ..., K35. The number of Ky graphs is n, and the
number of K3 graphs is also n.
Case 1, O as K, delete vertex K7, then there is a cycle C,,,
N(G—-V(Ky),k—1)=N(Cp,k—1).
Case 2, O is contained in K, delete K5, then there is a path P, o,
N(G—-V(Ks3),k—1)= N(P,_2,k—1).
Because the number of K> is n, and these K5 graphs are symmetric,
nN(G —V(Kz2),k—1) =nN(P,_2,k —1).
Case 3, O is contained in K3, delete K3, then there is a path P, _3,
N(G—-V(Ks3),k—1)= N(P,—3,k—1).
Because the number of K3 is n, and these K3 graphs are symmetric,
nN(G —V(K3),k—1) =nN(P,_3,k —1).

Summarize above, according to Lemma 2.12,

B(O® Cp, k) =NOGC,, k) = iN(G - V(Ki,), k—1)
j=1
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=N(G-V(Ky),k—1)+nN(G -V (Ks3),k—1)+nN(G -V (K3),k—1)
=N(Cpn,k—1)+nN(Py—2,k — 1)+ nN(P,_3,k — 1).
By Lemma 2.14 and Lemma 2.15,

- n k—1 k—1 k—1
AlO©Cn k) = k—l(n—k—l—l)+n<n—k>+n(n—k‘—1)

_on k—1 L k
Th—1\n—k+1) "\ n-k)

BOGC,) =A06C,).

Analogous to above, according to Lemma 2.13,

By Lemma 2.9,

Ao Cy) = iN(G - V(K;,))

= A(G -V (K1) +nA(G - V(K3)) + nA(G — V(K3))
= A(Cy) + nA(Pp_2) + nA(P,_3),
when n = 3,
B(O®C3) = A(C3) +3A(Py) +3A(Py) =5+3 x2+3 x 1 = 14;
when n > 4, by Lemma 2.10 and Lemma 2.11,
BO®C,) =L, +nF, 1 +nF, =L, +n(F,_1+ F,_2) = L, +nF,.

Remark 3.11 If GN H = ¢, then
BGUHk)# > B(G1)BH,m),
l+m=k

and

B(GUH) # B(G)B(H).

Proof For

ﬁ(o U nvk) = B(O © Cﬂvk)v
by Theorem 3.10,

o n k—1 k
B(Oucn’k)_k1<nk+1)+n(nk)’

> B(O,1)B(Cr,m) = B(Cr, k — 1),
I+m=k
by Lemma 2.8 and Lemma 2.15,

_ _ n k-1
3 SO = Nk~ = (i)

and
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BOUC, k) # Y BO1B(Cyym).

I+m=k

With

by Theorem 3.10,

and

by Lemma 2.9 and Lemma 2.11,

S0,

BOUC,) # B(O)B(Ch).

4. Conclutions

In this paper, the authors further study the counting of stable sets, and obtains

explicit formulas of partitions of stable sets of the direct product on several pairs
of complementary graphs, this study is of reference value to combination counting
and graph theory counting.
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